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Introduction

Derived categories were introduced in the early sixties by A. Grothendieck. His goal was to
extend Serre’s duality theorem to obtain a global theory of duality in cohomology for algebraic
varieties admitting arbitrary singularities (|6]). Grothendieck’s student J.L. Verdier developed
the basic theory first during his Ph.D. thesis. His works appeared in SGA 41/2 in 1977 (|15]),
and later published in Astérisque in 1996 (|16]). Verdier introduced the new concepts of tri-
angulated categories and derived categories of abelian categories, and their uses in the proof of
Grothendieck’s duality theorem are exposed in Hartshorne’s Residues and duality (|7]), lecture
notes on a seminar that took place in Havard in 1963-64.

Since then, theory of derived categories have become wide-spread in algebraic geometry,
and recently have found success in areas nearer to physics ([10]). Considered as the right
framework for any kind of derived functors, the study of derived categories of coherent sheaves
on (projective) varieties, as done in this text, originally goes back to Mukai in the eighties. He
constructed geometrically motivated equivalences between derived categories of non-isomorphic
varieties ([12], [13]). In 1997, Bondal and Orlov showed that the derived category of coherent
sheaves turns out to be a complete invariant for projective varieties whenever the canonical
bundle is either ample or anti-ample ([1]). The goal of this text is to study this last result.

This text will be splitted in three chapters. Both chapters I and III are mainly based on Huy-
brechts’s Fourier-Mukai Transforms in Algebraic Geometry ([9], chapters 1-4), and chapter 1T is
based on Hartshorne’s Algebraic Geometry ([8]) and Gortz and Wedhorn’s Algebraic Geometry
I: Schemes (|4]). We refer to Bourbaki (|2]) and Matsumura ([11]) for general commutative al-
gebra results, and to Gelfand and Manin ([3]|) for homological algebra results. Finally, we refer
to Hartshorne’s Residues and duality (|7]) for more details on derived categories and localization
theory.

Chapter I is devoted to general theory of triangulated and derived categories. Given an
abelian category A, we construct the associated derived category D(.A), which objects are
complexes of objects in A and arrows are homotopy classes of morphisms of complexes to
which we added “inverses” of quasi-isomorphisms. This new category admits a structure of
triangulated category, and has many properties that we briefly study. Finally, given a left
exact functor F' : A — B between abelian categories, we show how to lift it to a “derived”
functor RE : D(A) — D(B) between the associated derived category, and we present the
Grothendieck’s spectral sequence which is a fundamental tool in this theory.

In Chapter II, we study the fundation of algebraic geometry. We briefly recall the notion
of varieties seen as locally ringed spaces and we introduce the language of schemes. Given a
(noetherian) scheme (X, Ox), we define the notion of (quasi)-coherent Ox-modules, and point
out properties of them. In the last part, we consider closed immersions X < P" and give
conditions, when k is algebraically closed, to obtain such embeddings. Finally, we state the
well-know Serre duality theorem: when X is a smooth projective variety of dimension n, for
any interger k£ and any locally free sheaf F we obtain an isomorphism

HMX, F)—=H" "X, F¥ @ wx).

In Chapter I1I, we focus our attention to the bounded derived category D’(X) = D’(Coh(X))
of the abelian category of coherent sheaves on a smooth projective variety X. We first expose
properties of this category, and show how to define Grothendieck’s spectral sequences and Serre
duality in this context. The category Coh(X) has not enough injectives neither projectives
in general, but we still can construct derived functors (RHom( , ), RHom( , ),®%) that are
needed in the sequel. We finish this text by presenting results due to Bondal and Orlov ([1]).
We introduce the (intrinsic) notion of point like and inversible objects in D’(X) and prove the
main theorem: if X and Y are smooth projective variety, if wy or w¥ is ample, then any exact
equivalence D’(X) ~ D°(Y) yields an isomorphism of varieties X ~ Y.



Part 1
Derived categories

In this part, we will introduce the notion of derived category of an arbitrary abelian category,
and study its structure of triangulated category. We will also define derived functors and
introduce spectral sequences, a relevant tool that we will use in the rest of the text. A deeper
study of this theories can be found in [3] and [7].

1 Triangulated and derived categories

1.1 Additive and abelian categories

All the categories we will consider are supposed locally small, i.e. for any two objects A, B the
collection Hom(A, B) is a set.

Definition 1.1. A category C is an additive category if for every two objects A, B € C the set
Hom(A, B) is endowed with a structure of abelian group and the following three conditions are
satisfied:

1. The composition Hom(A, B) x Hom(B,C) — Hom(A, C) is bilinear, i.e. we have (f +
gJoh=foh+gohand fo(h+l)=foh+ fol.

2. There exist an object 0 € C which is both inital and terminal, i.e. for all objects A € C,
we have 0 = Hom(A, 0) ~ Hom(0, A).

3. For any two objects A;, As € C, there exist an object B, called the biproduct of A; and
Ag, and arrows j; : A; — B and p; : B — A;, i = 1,2, verifying the following properties:

e For every object D € C and arrows [; : A; — D, there exist a unique arrow [ : B — D
such that [; = [ o j;.

e For every object D € C and arrows ¢; : D — A;, there exist a unique arrow ¢ : D — B
such that ¢; = p; o q.

Such an object is unique and is denoted A; @ As.

Remark 1.2. Given a field &, one can define similarly a k-linear category asking the Hom sets
to be k-vector spaces and the composition to be k-bilinear.

Definition 1.3. A functor F' : C — D between additive categories (resp. k-linear categor-
ies) is said to be additive if the induced maps Hom(A, B) — Hom(F(A), F(B)) are group
homomorphisms (resp. k-linear maps).

Definition 1.4. Let C be a k-linear category. A Serre functor is a k-linear equivalence S :
C — C such that for any two objects A, B € C there exists an isomorphism of k-vector spaces

na.p : Hom(A, B)—— Hom(B, S(A))*

which is functorial in A and B, where the * denotes the dual vector space.

To avoid any troubles with the dual, we will usually assume that all Hom’s are finite di-
mensional.



Proposition 1.5. Let C and D be two k-linear categories over a field k with finite-dimensional
Hom'’s. If C and D are endowed with Serre functors Se and Sp respectively, then any k-linear
equivalence

F:C—1D

commutes with the Serre functors, i.e. there exists an isomorphism
FoSe~SpoF.
Proof. Since F' is fully faithful, for two objects A, B € C we have
Hom(A, S(B)) ~ Hom(F(A), F(S(B))) and Hom(B, A) ~ Hom(F(B), F(A)).

On the other hand we have

Hom(A, S(B)) ~ Hom(B, A)* and Hom(F(B), F(A)) ~ Hom(F(A),S(F(B)))".
Thus we have a functorial (in A and B) isomorphism

Hom(F(A), F(5(B))) =~ Hom(F(A), S(F(B))).

Since F' is essentially surjective, any object in D is isomorphic to an object of the form F(A)

for some A € C. Thus, applying the Yoneda lemma to the last isomorphism, we obtain that
FoS~SoPF.
O

Definition 1.6. An additive category A is called abelian if every arrow f : A — B in A admits
a kernel and a cokernel and the natural arrow Coim(f) — Im(f) is an isomorphism.

Thus, for any arrow f : A — B we have the following diagram:

ker(f) -+ A ! B —= coker(f).

N 7

coker (i) — ker ()

A strong motivation in the study of abelian categories lies in the following definition:

Definition 1.7. Let A be an abelian category. A sequence
A-l.p-t.c
in A is called exact in B if kerg = Im f.

A sequence
e = W L S L

is called ezact if it is exact in A° for all i € Z. Relevant particular cases are short ezact sequences
which are exact sequences of the shape:

0 AL.B " ¢ 0.

In this case, f is injective (i.e.ker(f) =0) and h is surjective (i.e.coker h = 0).



Definition 1.8. An additive functor F': A — B between abelian categories is called left ezact
(resp. right exact) if any short exact sequence

0—A—LoBloc—0
is sent to an exact sequence
0—— rA) 2L ppy 2 By
(resp. to an exact sequence
F(A) 2 py T gy —— o).

Example 1.9. Let A be an object in a abelian category A. Then the functors Hom(A, ) and
Hom( , A), which take values in the category of abelian groups Ab, are left exact, but not
right exact in general.

1.2 Triangulated categories

Now we will talk about the structure of triangulated category: it is in some sense a generalization
of the notion of exact sequences extended to general additive categories.

Definition 1.10. Let D be an additive category. The structure of triangulated category on D
is given by an additive equivalence T' : D — D, called the shift functor, and a set of diagrams

of the form
A B C T(A),

called distinguished triangles, where A, B,C are objects of D. A morphism between two tri-
angles is given by a commutative diagram

A B C T(A)

R

A— B —~C'—=T(A),

and it is an isomorphism if the vertical arrows are isomorphisms. We ask the distinguished
triangles to satisfy the axioms TR-1 to TR-4 below :

TR-1: e Any triangle for the form

A1 A 0 T(A)

is distinguished.
e Any triangle isomorphic to a distinguished triangle is distinguished.

e Any arrow f: A — B can be completed to a distinguished triangle

A-L.p—~c——T1(A)

TR-2 : The triangle

/Ry - Yy
is distinguished if and only if the triangle

—T(f)
) —

B—1-C—-T(A T(B)

is distinguished.



TR-3 : Suppose there exists a commutative diagram of distinguished triangles with vertical arrow
f and g¢:
A B C T(A)

fl gt h T(f)l
v
A B C T(A).

Then there exists an (non-unique) arrow h : C' — C’ such that the diagram commutes
(in particular, we obtain a morphism of distinguished triangles).

TR-4 : We will omit this axiom because it is the most complicated to state and we will not use
it in this text. It is called the octahedron axiom. The idea is the following: assume
that we are in an abelian category, and replace the notion of distinguished triangles by
the notion of exact sequences. Given inclusions A C B C C, TR-4 ask that if the
sequences A - B - B/A, B - C — C/B and A - C — C/A are exact, so is
B/A— C/A— C/B.

For now on, let’s write A[l] for T(A) and f[1] for T'(f). More generally, for any integer k
we will denote A[k] for T#(A) and f[k] for T*(f), where T* is T°* when k is nonnegative and
(T71)°7% when k is negative.

Remark 1.11. e First, note that since 7T is an equivalence, any object A in T is isomorphic
to the object (A[—1])[1] (i.e. an object in the image of T') and is also isomorphic to the
object (A[1])[—1], thus, using the axiom that any triangle isomorphic to a distinguished
triangle is distinguished, we can extend the axiom TR-2 to the following: a triangle

A-L.p 2 ot

is distinguished if and only if any triangle extracted from the sequence

—h[-1]

B oy Lo oo M g

is distinguished.

e In the same vein, one can prove from the axiom TR-1 that the triangles

A= A 0—-T(4)

and

0 AZ 4 0

are also distinguished.

e The axiom TR-3 can be generalized in the following sense: given a commutative diagram
of distinguished triangles

A B C T(A)

R

A — B — ' —=T(A),

if two of the vertical arrows f, g, h exist so does the third.

Proposition 1.12. Let A — B — C — All] be a distinguished triangle in a triangulated
category D. Then for any object Ag € D the following induced sequences are exact sequences of

abelian groups:
Hom(Ag, A) — Hom(Ay, B) — Hom(A, C)

HOI’H(C, Ag) I HOIH(B, Ao) —_— HOIH(A, A())
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Proof. First notice a general fact: for any distinguished triangle as the one in the proposition,
the composition A -+ B — C' is 0. It suffices to apply TR-1 to the diagram

A1 A 0 A[1]
Id !

A—B—C—All],

Now, assume f : Ay — B composed with B — C'is 0 : Ay — C. Then apply TR-1 and TR-3
to the diagram:

AOA>AO_>O

e

A—"B—(,

we obtain a lift of f to an arrow Ay — A. The second assertion can be proved in a similar
way. ]

Remark 1.13. Once again, applying TR-2 one can show that the sequence Hom(Ay, B) —
Hom(Ap, C') — Hom(A, A[1]) is also exact in Ab. In particular, we actually obtain long exact
sequences of abelian groups.

There is a lot of properties about distinguished triangles we could deduce from the last
proposition, but the following ones are the most important:

Lemma 1.14. Let A — B — C — A[l] be a distinguished triangle.
1. A — B is an isomorphism if and only if C ~ 0.
2. If C — A[l] is trivial, then the triangle splits, i.e. is given by a decomposition B ~ A& C.

3. Consider a morphism of distinguished triangles

A B C Al

R

A B (' A1),

If two of the vertical arrows f, g, h are isomorphisms then so is the third.

Proof. 1. Consider the following sequence:
Hom(Ag, A) — Hom(Ag, B) — Hom(A,, C') — Hom (A, A[1]) — Hom(Ay, B[1]).
Since the morphisms are functorial, the result follows from the Yoneda lemma.
2. Applying Proposition 1.12, we get the exact sequence
0 —— Hom(Ay, A) — Hom(Ay, B) — Hom(A,, C) — 0.
Since this sequence splits, we have a functorial isomorphism
Hom(Ay, B) ~ Hom(Ag, A) ® Hom(Ay, C) = Hom(Ay, A @ C),
so the result follows from the Yoneda lemma again.

3. This can be proved applying Hom(A,, ) on the diagram and using the five lemma.
O



Definition 1.15. An additive functor F' : D — D’ between triangulated categories is called
ezact if the following conditions are satisfied:

e There exist a natural isomorphism F o Tp ~ Tp o F.

e Any distinguished triangle A — B — C — A[l] in D is mapped to a distinguished
triangle F(A) — F(B) — F(C) — F(A)[1] ~ F(A[l]) in D'

Proposition 1.16. Let F' : D — D' be an exact functor between triangulated categories. If
F 4 H, then H: D' — D is exact.

Proof. First let’s prove the commutativity between H and the shift functors 7" and 7" of D and
D’ respectively. We have the functorial isomorphisms

'(B)),
m(T"(F(A)), B),

Hom(A, H(T'(B))) =~ Hom(
Hom(

~ Hom(F(T'(A)),B),
(
(

om(F(A), T
~ m(T~(A), H(B)),

Ho
~ Hom(A,T(H(B))).

By the Yoneda lemma, we get the isomorphism
HoT —==ToH.

Now, let A — B — C — A[1] be a distinguished triangle in D. The arrow H(A) — H(B) can
be completed in D’ in a distinguished triangle

H(A) — H(B) — Cy — H(A)[1].

Using the adjunction morphisms F'(H(Ap)) — Ay for any Ay € D we get the commutative
diagram
F(H(A)) — F(H(B)) — F(H(C)) — F(H(A))[1]

| | |

A B C A1),

which can be completed since both triangles are distinguished. Applying H and using the
adjunction h : Id — H o F' we get the diagram:

H(A) H(B) Co H(A)] (1)

L |

HFHA——> HFHB ——> HFCy—= HFHA[1]

|

H(A) H(B) —— H(C) —— H(A)[1].

Since the last row is not distinguished, we can not conclude using Lemma 1.14. But we know
that for any Ay € D the sequence

HOIH(F(A()), B) — HOIH(F(A()), C) — HOIH(F(A()), A[l])
is exact, so using the adjunctions we obtain that the sequence

HOHI(AO, B) — HOII’I(A(), B) — HOIH(A(), B[]_])



is exact, and thus we can apply the five lemma on the diagram obtain by applying Hom(A,, )
to the diagram (1). We get Hom(Ag, Cy) ~ Hom(A, H(C)) for all Ay and thus

H(E) o hey - Co—== H(C) .

This achieves the proof because H(A) — H(B) — H(C) — H(A)[1] is distinguished since it is
isomorphic to a distinguished triangle. O

Definition 1.17. A subcategory D' C D of a triangulated category is a triangulated subcat-
egory if D" admits a structure of triangulated category such that the inclusion is exact.

Proposition 1.18. If D' C D is a full subcategory of a triangulated category D, then it is a
triangulated subcategory if and only if it is invariant by the shift functor and for any distin-
guished triangle A — B — C — A[l] in D with A, B € D', the object C' is isomorphic to an
object in D’.

Proof. If D' is a triangulated subcategory, then it is invariant by the shift functor, and consid-
ering a distinguished triangle A — B — C' — A[l] in D with A, B € D', the arrow A — B can
be completed to a distinguished triangle A — B — Cy — A[1] in D’ which is also distinguished
in D since the inclusion is exact. Thus we get the commutative diagram:

A—>B C All]

N

A—sB—Cy—A[l].

Using the axiom TR-3 one can complete the diagram to a morphism of distinguished triangle,
and since all vertical arrows are isomorphism, so is C' — Cj. Conversely, the second hypothesis
tells exactly that the third TR-1 axiom hold, and all other axioms follow from the fact that D’
is full and invariant under the shift functor. ]

Definition 1.19. A collection €2 of objects in a triangulated category D is a spanning class of
D (or spans D) if for all B € D the following two conditions holds:

1. If Hom(A, BJi]) =0 for all A € Q and all i € Z, then B ~ 0.
2. If Hom(BJi], A) = 0 for all A € Q and all i € Z, then B ~ 0.

Note that these two conditions are equivalent if D is equipped with a Serre functor.

1.3 Derived categories

We consider an abelian category A.

Definition 1.20. o A (differential) complex A® in A is the data of a family (A"),ez of
objects in A and a family (d" : A® — A"*1),cz of arrows verifiying d” o d"~! = 0 for all
n € Z.

e A morphism f : A* — B°® between two complexes A* = ((A"),d%)nez and B® =
(B", d})nez is given by a family (f™: A™ — B"™),ecz such that for any n € Z the diagram

An di An—l—l

f”t Lf"“

B dp Bn+1

commutes.

10



e We denoted by Kom(.A) the category of complexes of A whose objects are complexes and
whose arrows are morphisms of complexes.

For any n € Z, the object object A™ is called object in degree n. The arrows d" are sometimes
called the differentials of the complex. We will often define a complex A® as a diagram

ce s AV A AT
and we will omit the index of the arrows d when the context is clear.

Proposition 1.21. The category of complexes Kom(A) of an abelian category A is abelian.

Proof. The proof is straightforward: all the structure of an abelian category on Kom(A) is
given on A degree by degree. For instance, ker f = (ker f™),cz. ]

Remark 1.22. The category A embeds into Kom(A) as a full subcategory by identifying an
object A € A with the complex

=2 0=20—=2A=20—->0—---

concentrated in degree 0 with trivial differentials.

Definition 1.23. Let A* € Kom(A) be a complex. Then we define the complex A*[k] for any
ke by A.[k}]n = AR and dA[k] = (—1)kdzrk

Proposition 1.24. The shift functor A* — A®[1] is an equivalence of abelian categories.
Proof. The inverse functor is given by A® — A®[—1], details are left to the reader. O]

Definition 1.25. Let A® be a complex in Kom(A). We define the n'® cohomology object
H™(A®) as the quotient
Hn<Ao) — ker(d )

= (@) e A

To be precise, a more category-theoretic definition would be
H" := coker(Im(d"™ ') < ker(d"))

Proposition 1.26. For alln € Z, a morphism of complezes f : A* — B® induces a morphism

i cohomology
H"(f): H"(A®) — H"(B®).

Proof. This is straightforward using the fact that any morphism of complexes commutes with
the differentials. ]

Proposition 1.27. Any short exact sequence
0—>A*"—->B*—C*—0
iduces a long exact sequence
o= H"(A®) — H"(B*) — H"(C®*) — H"™(A*) — - .

This is a classical result of homological algebra using diagram chasing. It is a consequence
of the famous snake lemma. See ([3], §5, ex.7).

Definition 1.28. A morphism of complexes f : A* — B*® is a quasi-isomorphism (or gis for
short) if for all n € Z the induced arrow H"(f) : H"(A®*) — H™(B®) is an isomorphism.

11



In order to study cohomology, we would like quasi-isomorphisms to be actual isomorphisms.
To do so, we will construct a new category, called the derived category of the abelian category
A, in which all quasi-isomorphisms are invertible. This will be done in several steps.

Definition 1.29. e Two morphisms of complexes
fig: A* — B*®

are called homotopically equivalent, denoted f ~ g, if there exists a collection of homo-
morphisms A" : A® — B"! for all n € Z such that

fn o gn — hn+1 o dz T d?éfl o h".
Such a family (h"),ez is called a homotopy between f and g.

e The homotopy category of complexes K(A) is the category whose objects are the objects
of Kom(A) and for all A*, B* € K(A) we have

Homg 4y (A®, B®*) := Homgom(a)(A®, B®*)/ ~ .

It can be verified that K(.A) is indeed a category, in particular that homotopy equivalence
is indeed an equivalence relation. A big part of the interest in homotopy of complexes lies in
the following:

Proposition 1.30. Let f,g : A* — B*® in Kom(A). If f ~ g then H"(f) = H"(g) for all
n € 7.

Proof. By definition of homotopy, f* — ¢ = h"*! o d’ + d}y ' o h™ for some homotopy (h"),,
then f™ — g" sends ker(d%) into Im(dy '), thus H*(f — g) = 0. O

Corollary 1.31. If f: A* — B® and g : B* — A® verify fog~1Idg and go f ~ Ida then f
and g are quasi-isomorphisms and H"(f)~' = H"(g).

Remark 1.32. If A is a general additive category, we still can consider the category of com-
plexes Kom(.A) and the definition of K(.A) also makes sense.

Definition 1.33. Let A be an abelian category. Then we define the derived category of A,
denoted D(A) to be the category whose objects are the ones of Kom(.A), i.e. :

Ob(D(A)) = Ob(K(A)) = Ob(Kom(A)),

and arrows are defined as follows. Let A®, B® be two objects in D(A). The set of morphism
Homp4)(A®, B®) is defined as the set of equivalent classes of diagrams (called roofs) of the

form
O.
SN
A* B*,

where C* is another object in Kom(.A4), s is a quasi-isomorphism and f is a morphism. Two
such diagrams are equivalent if they are dominated in K(A) by a third one of the same sort,
i.e. if there exists a commutative diagram in K(.A) of the form

C’/D\O"
| >

A* B*

12



such that s owu is a quasi-isomorphisms.
The composition of two morphisms

and cs

C3
y \ qis \
A* B*

B* c*

is given by a commutative diagram in K(.A) of the form

/\/\

Our goal now is to check that these definitions really define a category, in particular that
the composition exists and is unique up to equivalence. To do so, we need to introduce the

mapping cone which plays a central role in the definition of triangulated structures on K(.A4)
and D(A).

Definition 1.34. Let f : A®* — B® be a morphism of complexes. Its mapping cone is the
complex C(f) defined by

C(f)n — An+1 EBB” and dn . dnJrl O
C(f) fn+1 d% :

Remark 1.35. e The mapping cone C(f) is indeed a complex: ds™ o frtl = fn+2 o gt
since f is a morphism of complexes.

e We have natural morphisms of complexes
7:B*— C(f) and 7:C(f) — A°*[1]

given by the natural injection B® — A"t @ B™ and the natural projection A"+ @ B"® —
APt

e The composition A* — B* — C(f) is nullhomotopic (i.e. homotopic to the trivial map),
such an homotopy is given by (i, : A® — A" @ B"1),cz. Indeed, we have :

d An—i—l

. An B 1 An—i—l @ B" An+2 o) Bn+1

and we have 1,1 od = (d;",0) and d' o ¢,, = (=d§, 7).

e The sequence 0 — B* — C(f) — A®[1] — 0 is exact: it comes from the fact that the
composition M — M & N — N is 0 in any additive category. In particular, we have a
long exact sequence

- — H"(A®) — H"(B*) — H"(C(f)) — H""™(A*) —

e Using the previous long exact sequence, we obtain that f is a quasi-isomorphism if and
only if H"(C(f)) =0 for all n € Z.

13



e By construction, any commutative diagram

Ay By ——C(f1) — A3[1]

P

A3 —— B3 — C(f2) — A3[1]
can be completed with an arrow C(f;) — C(f2).

Proposition 1.36. Let f : A* — B® be a morphism of complexes and let C(f) be its mapping
cone with its natural arrows T : B* — C(f) and © : C(f) — A°*[l]. Then there ezists a
morphism of complexes

g: A%[1] = C(7)

such that the following diagram commutes in K(A):

B~ O(f) == A1)

B*—C(f)—=C(1) —= B*[1]
Proof. We construct g on degree n as the arrow
A.[l]n — AnJrl N C(T)n — Bn+1 fan) AnJrl D B"

defined by (—f"*! 1d,0). It clearly define a morphism of complexes. The inverse ¢! in K(A)
can be given by the projection onto the middle factor (note that gog~! is homotopic to identity,
but not equal to identity in general). Now we let the reader check that the desired diagram is
indeed commutative up to homotopy.

O

Proposition 1.37. Let f : A* — B*® be a quasi-isomorphism and g : C* — B*® be an arbitrary
morphism. Then there exists a commutative diagram in K(A):

Cs s e

L,k

AL pe.

qis
Proof. Consider the commutative diagram

C(r o g)l-1) —=C* —C(f) —C(r o)

A B* —C(f) — A*[1].

By the previous proposition, we know that B®* —— C(f) A®[1] is isomorphic (in K(A))

to B*—— C(f) ——=C(7), and thus it suffices to use the natural morphism C(7 o g) — C(7)
given by the identity on the second factor of C" ™! & C(f)* — B" & C(f)™.

Now define C§ := C(7 0 g)[—1]. Notice that C§ — C* is a quasi-isomorphism. Indeed, since
A* — B°®, we have that H"(C(f)) = 0 for all n € Z (cf. Remark 1.35), and then applying the
long exact sequence in cohomology to 7o g we get:

o —=H"(C*) — H"(C(f)) —= H"(C(7 0 g)) —= H""(C*) — -
But since H"(C(f)) = 0 we have that H"(C(7 o g)) ~ H""(C*®) for all n € Z. O
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Remark 1.38. e By construction, one can check that if g is also a quasi-isomorphism, so
is C§ — A°.
e Acually, a dual statement holds: assume that we have a quasi-isomorphism f : B®* — A®

and any morphism B®* — C*®. Then we can construc a commutative diagram:

Bo # Ao

|
ce——~Co.

qis
The proof is almost the same and is based on a dual statement of Proposition 1.36.
Corollary 1.39. The composition of arrows in Definition 1.33 exists and is well-defined.

Proof. 1t suffices to apply the previous proposition to the diagram :

ey &
\ y
B* )

The unicity (up to equivalence) is left to the reader. O

Remark 1.40. There is a natural functor Q 4 : K(A) — D(.A) which is the identity on objects
and which sends a (homotopy class of a) morphism f : A®* — B*® to the roof

A
N
A B.

Moreover, if f is a quasi-isomorphism, then Q4(f) is an isomorphism, which inverse is given

by the roof
A
/N
B A.

Remark 1.41. In D(A), an object A® is isomorphic to 0 if and only if H"(A®*) ~ 0 for all
n € 7.

Definition 1.42. We say that a triangle
Al — A5 — A — AY[]]
in K(A) (resp. D(A)) is distinguished if it is isomorphic in K(A) (resp. D(A)) to a triangle of

the form
f

A B* —C(f) — A*[1],
where f : A* — B*® is a morphism of complexes.

Proposition 1.43. The natural shift functor A* — A°®[1] and distinguished triangles given as
in Definition 1.42 make the homotopy category of complexes K(A) and the derived category
D(A) of an abelian category A into triangulated categories.

Moreover, the natural functor Q4 : K(A) — D(A) is an ezact functor of triangulated
categories.

Proof. As the proof is long and technical, we refer to the literature ([7], I, 2 or [3], IV, 2). O

Remark 1.44. The idea behind the construction of the derived category is a procedure called
localization: one constructs the localization of a category with respect to a localizing class of
morphisms (which are quasi-isomorphisms in our case). The localized category can be made
triangulated in a natural way if the localizing class of morphisms satisfies some conditions of
compatibility with triangulation.

15



1.4 Properties of the derived category

The derived category D(.A) is not abelian, but there still are some useful properties related to
cohomology that we can prove.

Proposition 1.45. Let A, B,C € A. We identify an object in A with its image under the full
embedding A — K(A), i.e. with the associated complex concentrated in degree 0. If the sequence

0 A

is exact in A then the triangle

is distinguished in D(A).
Proof. First, we need to define an arrow C' — A[1]. Notice that C(f) can be identified in this

case with the complex --- 0 A-1.p 0 -+-, with A in degree —1 and B
in degree 0. Thus we can define the morphism of complexes C(f) — C' as :

]

In particular, this morphism is a quasi-isomorphism by exactness of the initial short exact
sequence, and thus there is a inverse C' — C(f) in D(A). Thus one can define the arrow
0 : C'— A[l] by composing the arrows C' — C(f) and the natural morphism C(f) — A[1]. We
obtain the isomorphism of triangles (in D(.A)):

A-L.p 2 o0 An

e

AL ) — AL

Note that these arrows are in D(.A) so they should be thought of as roofs. O

Proposition 1.46. Suppose A* — B* — C* — A°®[1] is a distinguished triangle in D(A). Then
there 1s a natural exact sequence

o= H"(A®) — H"(B*) — H"(C*) — H"™(A*) — - .
Proof. By definition of distinguished triangles, we have an isomorphism

A — B ce A*[1]

S

Ag By —=C(f) —=A3[1],

f

where f is a morphism of complexes, and the vertical arrows are isomorphisms in D(A), i.e.
quasi-isomorphisms. The sequence with the mapping cone induces a long exact sequence in
cohomology (see Remark 1.35), and by the isomorphisms in cohomology we get:

--—>H"jAa>—>H“jBa>—>H"<T<f>>—>H"<Tam>—>---
H*(A*)  H"(B*) H™(C*) HH(A°)

Since the first row is exact, up to composing with the isomorphisms, we get the desired natural
exact sequence. ]
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In the following, we will consider the full subcategory Kom*(A), with * = +,— or b,
consisting of complexes A® with A" =0 for n < 0,n > 0 or |n| > 0 respectively. The same
construction we performed before can be applied again to obtain the categories K*(.A4) and

D*(A).

Proposition 1.47. The natural functors D*(A) — D(A), where x = +, — or b, define equi-
valences of D*(A) with the full triangulated subcategories of all complexes A* € D(A) with
H™(A®*) =0 forn < 0,n>> 0 and |n| > 0 respectively.

Proof. Suppose H"(A®) = 0 for n > ng. Then we have a quasi-isomorphism

---—>AT2—>AT1 — ker(d}*) T
cee—— s AM0—2 . Amo—l Al:zo Anot+l

Thus A* is isomorphic in D(A) to a complex bounded above, i.e. a complex in D™ (A). Similarly,
if H"(A®) =0 for n < ng one considers :

e A?’Lo—l ATLO An0+1 ATLO+2 R,
0 coker(dm 1) Anotl Arot2 ..

In the case * = b, one can use both sequences combined. These prove that the functors are
essentially surjective, and they are clearly fully faithful, so the proof is finished. n

Before going to the next section, we need to define the notion of injective and projective
resolutions, which will be useful when we will need to extend functors £’ : A — B into functors

RF :D(A) — D(B).
Definition 1.48. Let A be an abelian category.

e Anobject I € A (resp. P € A) is said injective (resp. projective) if the functor Hom( ,I)
is exact (resp. Hom(P, ) is exact).

e We say that the category A contains enough injective (resp. enough projectives) objects
if for any object A € A there exists an injective morphism A — I with [ injective (resp.
a surjective morphism P — A with P projective).

e An injective resolution of an object A € A is an exact sequence
0 A== T1" — ...
with all I™ injective. Similarly, a projective resolution of A consists in an exact sequence
e PP A0
with all P™ projective.

Remark 1.49. e Since the functors Hom( ,I) and Hom(P, ) are left-exact for any objects
I and P, injectivity or projectivity can easily be described as follows.

An object I € A is injective if for any injective arrow A — B and any arrow A — [,
there exists an arrow B — [ such that the following diagram commutes:

A—B

1
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Similarly, an object P € A is projective if for any surjective arrow B — C' and any arrow
P — (), there exist an arrow P — B such that the following diagram commutes:

P

B C

e One notices that the datum of an injective resolution I* of A is equivalent to the datum
of a quasi-isomorphism A — I* with I™ = 0 for n < 0 and all I™ injective. Similarly, a
projective resolution P*® of A is the datum of a quasi-isomorphism P* — A with P" =0
for all n > 0 and all P™ projective.

Proposition 1.50. Suppose that A is a category with enough injectives. For any A® € K*(A),
there exist a complex I* € K1 (A) with I" € A injective ¥n € Z and a quasi-isomorphism
A — I°.

Proof. We prove it by induction. Since A® is bounded below, we may assume that it is of the
shape
0— A = A — ...,

By assumption, there exists an injective object I° and an injective arrow A° — I°. The induced
arrow A®* — (I — 0 — ---) has the property that H"(fy) is an isomorphism for n < 0 and is
injective for n = 0.

Suppose we have constructed a morphism

fi:A— (=TT 50— --)

such that H"(f;) is an isomorphism for all n < i and injective for i = n, and such that all 1"
are injective. Then choose an injective object I'*1 containing B! := ((I*/I'"7!) @ A1) /AL
We have the arrows I' — I'"™! given by composing the arrows I* — [*/[*71 ['/["71 — BTt
and B — I**2 : and A® — I**! in a similar way. We obtain the commutative diagram

Ai— 1 Ai Ai-i—l Ai+2
lfﬁ;ﬁ L e lfﬁiﬁ szif
Ii—l [i [i+1 0

Now we just have to check that all induction properties are satisfied:
e First, the second row is still a complex by construction of I*+.

e The middle square is commutative. Indeed, both composition A* — A1 — [ and
At — [' — [**1 are trivial by construction of B!

e The new map H'(f;;1) is now bijective: it was injective when we took I'/d(I"!) as target
space, but now we restrict the latter to ker(I* — I'™!). But this kernel is composed by
the image of I**! (which vanishes in cohomology) and the image of A’, thus it implies
surjectivity of H*(fi11).

e The last thing to check is that H**(f;y1) is injective. But it is quite clear since up to
take the quotient with respect to A?, the map A — I*F1/[" is injective.

]

Corollary 1.51. Let A be an abelian category with enough injectives. Any object A* € D(A)
with H*(A®) = 0 for n < 0 is isomorphic in D(A) to a complex I°® of injective objects with
I"=0 forn < 0.
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A dual statement of Proposition 1.50 is true in a category with enough projectives, consid-
ering K~ (A) instead of KT (A): for any A® € K™ (A) there exists a complex P* € K~ (A) with
P™ € A projective objects and a quasi-isomorphism P* — A®.

A proof of the next two technical lemmas can be found in ([9], 2.38 and 2.39).

Lemma 1.52. Suppose A* — B°® is a quasi-isomorphism between two complexes A®, B®* €
K" (A). Then for any complex I* of injectives objects with I = 0 for n < 0 the induced map

Homy (4)(B®, I*) — Homg4)(A®, I*)
18 bijective.
Lemma 1.53. Let A®,I°* € K*(A) such that all I"™ are injective. Then
Homg 4y (A®, I*) = Homp)(A*, I°).

For the next proposition, consider the full additive subcategory Z C A of all injectives of an
abelian category A: we can construct as before the homotopy category K*(Z) and the functor
Q4 induces a natural exact functor ¢+ : K*(Z) — D*(A).

Proposition 1.54. Suppose that A contains enough injectives. Then the natural functor
L KT (Z) — DT (A)
18 an equivalence.

Proof. The functor is fully faithful. Indeed, let I*, J® be two complexes in K*(Z). Since Z is a
full subcategory and by the previous lemma, we have

Homy+ 7y (1°, J®) =~ Homy+(4)(1°, J*) = Homp+ (4 (1°, J®).

To see that the functor is also essentially surjective, one applies Proposition 1.50. O]

2 Derived functors

2.1 Derived functors

In this section, the main goal will be to lift functors between abelian categories (or homotopy
categories) to functors between the associated derived categories.

Lemma 2.1. Let A, B be abelian categories, let F' : K*(A) — K*(B) be an exact functor of
triangulated categories. Then F' naturally induces a commutative diagram :

K*(A) — K*(B)

T

D*(A) —D*(B)
if one of the following equivalent conditions holds true:

1. A quasi-isomorphism is mapped by F to a quasi-isomorphism.

2. The image of an acyclic complex is acyclic.
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Proof. First let’s show that these two conditions are equivalent. The step 1 = 2 is obvious. To
see 2 = 1, consider a morphism of complexes f : A* — B®, then the triangle

A* = B* = C(f) — A*[1]

is distinguished, and C(f) is acyclic if and only if f is a quasi-isomorphism (cf. Remark 1.35).
But since F'is exact and additive, F'(f) is a quasi-isomorphism if and only if C(F'(f)) = F(C(f))
is acyclic.

Assume that 1 is satisfied. The functor F' can easily be lift up to the derived categories: an
object A® is mapped to F'(A*), viewed as objects in the derived categories, and a roof

C.
© N\
A* B*

is mapped to the roof

R
F(A*) F(B*)
]

Let F': A — B be a left exact functor of abelian categories, and assume that A contains
enough injectives. The functor F' induces a functor K(F') : K+(A) — K (B) sending a complex
(A™)pez to (F(A™))pez, and a morphism of complexes (f™)nez to (F/(f™))nez. The latter makes
sense in the homotopy categories: if h is a homotopy between to morphisms of complexes f
and g, then F'(h) is a homotopy between F'(f) and F(g) since F is additive.

We have the equivalence ¢ : K*(Z4) — D" (A), so we can consider a quasi-inverse ¢~ of + by
choosing a complex of injective objects quasi-isomorphic to any given complex that is bounded
below. We obtain the diagram:

K (Za)— KH(A) “L KH(B)

x lgA lgs

T TSDH(A) D*(B).

Definition 2.2. The right derived functor of F' is the functor:
RF := QpoK(F)o. ' :D"(A) — D™(B).

In other words, the right derived functor consists in replacing a complex by a complex of
injectives, applying K (F') and embedding it into the target derived category.

Proposition 2.3. 1. There exists a natural morphism of functors

QBOK(F) —>RFO Q_A
2. The right derived functor RF : DY(A) — DT (B) is an exact functor of triangulated
categories.

Proof. 1. Let A* € DT(A) and I* := +7!(A®). The natural transformation Id — 1o /™!
yields a functorial morphism A®* — I® in D*(A). This morphism is given by a roof
A® < C* — I*, but since I* is injective it yields to a unique morphism A® — I* in K(A)
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by Lemma 1.52. Notice that this morphism is independent on the choice of C'*: assume
we have two equivalent roofs

c* and D*

N N

A® ~T° A® - I°,

o
then it means that we have the commutative diagram
E.

f/\g

ce De*

| |

A* I°.

tc, tp

We obtain the equalities g =tc o f and g =tp o f. But f is a quasi-isomorphism, so by
Lemma 1.52 there is a unique map j : A* — I°® such that g = jo f. Thus we get tc = tp.
Finally, we obtain a functorial morphism

K(F(A®) — K(F(I*)) = RF(A®).

2. The category K (Z4) is triangulated: if f : I* — J*® is a morphism of complexes between
complexes of injective objects, then C(f) is also a complex of injective objects. The
functor ¢ : K*(Z4) — DT (A) is clearly an exact functor (between triangulated categories),
and thus (7! is also exact (cf. Proposition 1.16). Moreover, K(F) is exact: F is additive,
so F' preserves mapping cones. Finally, since Qp is exact, we obtain that RF' is the
composition of three exact functors and, therefore, is itself exact.

]

Definition 2.4. Let RF : D™ (A) — D™ (B) be the right derived functor of a left exact functor
F: A — B. Then for any complex A* € D*(A) we define:

R'F(A*) .= H(RF(A®)) € B.

Remark 2.5. o I[f A is a complex concentrated in degree 0, then we can give a more
precise description of R'F(A). Indeed, consider an injective resolution I°® of A, i.e. an
exact sequence

0 A" T1" — ...

We obtain that R'F(A) = H(F(I*)), and in particular we have ROF(A) = F(A).
e Any short exact sequence
0—+A—=B—=-C—=0

in A gives rise to a long exact sequence
0— F(A) = F(B) = F(C)—---— R"F(B) = R"F(C) = R"™F(A) — --.

Indeed, the exact sequence in A gives rise to a distinguished triangle RF(A) — RF(B) —
RF(C) — RF(A)[1] by Proposition 1.45, then it suffices to apply Proposition 1.46 to
conclude.

e All the constructions we made could have been performed in the dual way: if you consider
a functor F' which is right exact, K(F') : K™ (A) — K™ (B) and then define the left derived
functor LF by applying K(F') to a complex P* of projective objects quasi-isomorphic to
A*.
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Now we will give a generalization of the construction of the right derived functor.

Proposition 2.6. Let A, B be abelian categories, and F : KT (A) — K(B) an exact functor.
Suppose there exists a triangulated subcategory Kp C K1 (A) which is adapted to F, i.e. which
satisfies the following two conditions:

1. If A* € KF is acyclic, then F(A®) is acyclic.
2. Given any A® € K+(A) there is an object Tye € Kr and a quasi-isomorphism A® — Tpe.

Then there exists a right derived functor RF : DY (A) — D(B) satisfying the properties of
Proposition 2.3.

Proof. The functor RF is defined as follows:

o Let A* € D™(A). There is a quasi-isomorphism A® — T4« for some Tye € Kp . Then
define RF(A®) := F(Tas).

e Let A°, B* € D"(A). Consider an arrow A* — B® in D (A) given by a roof A® < C* —
B*. In K™(A) we have the diagram

qis
C. —_— TC';

qisj

T'pe

and it can be completed in K (A) into the diagram

c* —2 T

qisl Lqis

.
TAO ?DA

Composing with the quasi-isomorphism D% — Tpe, and doing the same with B®, we
obtain a roof

Tpe, Tps,.

Since Tps and Tae are quasi-isomorphic within Kr, so are their images by the functor
F (cf. proof of Lemma 2.1), and the same holds with B®. Thus they define isomorphic
objects in D(B). We defined the image of our initial arrow A* — B* in D*(A) by RF as
the arrow given by the roof

F(Tce)

a \

F(Tue) F(Tge).

]

Corollary 2.7. Let F : A — B be a left exact functor (here A might not contain enough
injectives), and assume that there exists a subclass of objects Tr C A which are F-adapted, i.e.
which 1s stable by finite sum and such that:

1. If A* € KT(A) is acyclic with all A* € Ir, then F(A®) is acyclic.
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2. Any object in A can be embedded into an object of Tp.

Then there erists a right derived functor RF : DY(A) — D(B) satisfying the properties of
Proposition 2.3.

Proof. Tt suffices to check that the subcategory Kr C K*(A) defined as the full subcategory of
complexes of objects in Zp satisfies the hypothesis of Proposition 2.6.

First, since Zr is stable by finite sum, K contains all mapping cones of morphism between
any complexes in it. Then, by the Proposition 1.18, Kr is indeed a triangulated subcategory
of KT(A). Now, we just need to check the two conditions of the theorem. The first condition
is obvious, and the second conditions can be proved by the same proof given for Proposition
1.50 (the latter does not use injectivity of objects involved!). O

A similar construction could have been done, once again, with right exact functors. As
before, we would have asked any object A in A to fit in an exact sequence P — A — 0 for
some P € Ip.

Definition 2.8. Let A € A be an object in an abelian category containing enough injectives.
Then we defined
Ext"(A, ):= H"o RHom(A, ).

Proposition 2.9. Suppose A, B € A are objects of an abelian category containing enough
ingectives. Then for all n € Z there is a natural isomorphism

Eth(A, B) >~ HOII]D(A)(A, B[TL])

Proof. Notice that here we identify once again objects in A with complexes concentrated
in degree 0. Consider an injective resolution B — I° — [' — ...  then RHom(A, B) ~
(Hom(A, I"))nen. Now f € Hom(A, I™) is the kernel of Hom(A, I") — Hom(A, I"™!) if and
only if it defines a morphism of complexes f : A — I*[n]. Such a morphism is (homotopically)
trivial if and only if f is in the image of Hom(A, I"™!) — Hom(A, I"). These last claims reads
on the diagram

0 A 0

- 1 " In+1

Then Ext"(A, B) ~ Homg4)(A, I*[n]) ~ Homp4) (A, I°[n]) since I* is a complex of injectives.
[l

Remark 2.10. The name “Ext” comes from “Extensions” because Ext'(A, B) is in bijection
with the set of extension 0 - B — L — A — 0 in A. Indeed, consider an element in
Ext'(A, B) ~ Homp4)(4, B[1]) given by a roof A < L* — B[1]. Assume that L' =0 Vi > 0
by replacing L° by ker(d?) if necessary. Then we have the extension

L' ®

0—B— 71 —A—0.

Conversely, if 0 - B — L — A — 0 is an extension in A, then define L®* by L™ = B,
LY = L and all other L"s trivial. Then we get a roof A < L* — BJ[1].

Definition 2.11. Let A* € Kom(A) and B* € K" (A). We defined the inner hom Hom®(A®, B*)
as the complex
Hom"(A®, B®) := @Hom(Ak, B
keZ

with differentials d((fx)rez) :=dp o fr — (—1)" frr1 0 da.
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Proposition 2.12. Let A* € Kom(A) be a complez of objects in a abelian category containing
enough injectives. The the right derived functor

RHom*(A*, ):D"(A) — D(Ab)
exists, and if we set Ext"(A®, B*) :== H"(RHom*(A®, B*)) we have
Ext"(A*, B*) ~ Homp4)(A*, B*[n]).

Proof. To prove the existence of R Hom®(A®, B®), one checks that the full triangulated sub-
category of K(A) of complexes of injectives objects is adapted to this functor. The second
statement follows from arguments of the proof of Proposition 2.9 adapted to this more general
situation. [

Remark 2.13. If the abelian category A has also enough projectives, then we obtain a bifunctor
RHom( , ):D7(A)” x D" (A) — D(ADb).

If A has only enough injectives, we still can defined a derived functor R Hom( , B®) : D™ (A)” —
D(AD) if B* is bounded below.

Before going on a next section, we give a last result on derived functor which will be really
useful when considering composition of functors.

Proposition 2.14. Let Fy : A — B and Fy : B — C be two left exact functors between abelian
categories. Assume that there exist adapted classes Ip, C A and Ip, C B for Fi and F,
respectively such that F(Zg,) C Ip,.
Then the derived functor R(Fy o Fy) : DT(A) — D¥(C) exists and there is a natural iso-
morphism
R(Fyo Fy) ~ RFy 0 RF.

Proof. The existence of RF; and RF}, are provided by the assumptions, and since Zp, is adapted
to Fyo Fy, R(Fy o F) exists aswell. The natural isomorphism is given by the following remark.
Let A* € D*(A) be isomorphic to I* € K*(Z,), then

R(Fyo )(A%) =~ K(Fyo )%,
~ (K(F2) o K(F1))(I*),
~ K(F)(K(F)(I%),
~ RE(K(F)(I%)),
~ RFy(RF(A)).

2.2 Spectral sequences
We consider an abelian category A.

Definition 2.15. A spectral sequence is the data of a collection of objects
(EP9,E"), n,p,q,r € Z, 7 21,

and arrow
D4 . Pq p+r,q—r+1
avt . Pt — EY

satisfying the next four conditions:

1. dprra—rtlo gra =0 for all p,q,r.
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2. There are isomorphisms

Pqd A~ 0 p+er,g—er+e
Er+1 ~ H (ET‘ )

3. For any (p, q) there exists an ro(p, ¢) such that d?? = @¢="4"=1 = for al r > r.
4. There is a decreasing filtration
. C FPP'E"C FPE" C ---C E"

such that
(VFPE" =0and | JFPE" = E",

and isomorphisms
EP4 ~ FpEp+q/Fp+1 Eprta

ro(p,q)
Remark 2.16. e For all » > ry(p,q), we have EPY ~ Ef(;(i’m). Usually we will denoted
P = Ep’% )
oo r0(P,q

e When the objects of a spectral sequence is given on a layer (i.e. for a given r > 1), then
the next ones can be deduced (up to isomorphism) from the property 2. Thus we will
often introduce a spectral sequence writing

Epvq = Ep"rq
T
for a given r. In most cases, it will be given for r = 2.

e Let’s give an example of spectral sequence. For instance, assume that all objects con-
sidered are (finite dimensional) vector spaces, and that all differentials on layer 2 vanish
for some reason. Then, for all p,q, E5Y = EP%. Then EY? ~ FPEPT1/FPTIEPT yields

FPE" = E§" P @ FPHIE" = EY" P @ EPH Pl g PR = .
Thus FPE" = @ EPT"P=* and we obtain

k>0
E"=| e =P E"

keZ

o If we just know that dP? = @P~"4"~1 = () for some fixed p and g, i.e. EP? = EP9, then
EP1£(0)= EPT1£0
since 0 # EP1 = FPEPYL/ Pl pria,

o If EP9 = ( for all p, q for a given r, then 0 = FPEPTI/FPTLEPTe thus FPEPT = FPriEpta
for all p,q. But then
Erta — U FrEPta — FOEq,
0=()FE" = FE",
and thus we can conclude that £ = 0 for all n € Z.
Definition 2.17. A double complex K** consists of objects K% for i,j € Z and morphisms
dy + K% — K™ and dyf « K — K91
satisfying
dj = dj; = didy; + dppdp = 0.
The total complexr K*® := tot(K**) of the double complex is the complex K" = @ K% with

i+j=n
differentials d = d; + d;;.
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The complex K* = tot(K**) is naturally endowed with a decreasing filtration
F'E" = K",
Jj=l

which satisfies d;(F'K™) C FY(K").
We will write H}(K**) for the complex given by (H"(K*?)),ecz, and similarly H}(K**) :=
(Hp(K%))qez.

Proposition 2.18. Suppose K** is a double complex such that for any n one has K" =0
for |l| > 0. Then there is a spectral sequence:

EPY = HY HI(K**) = HPTI(K®*).

The proof is based on the structure of filtred complex of tot(K**): a complex A® is a filtred
complez if it admits a decreasing filtration

L FATC PP AT C Lo AT
for every object A" such that d(F'A") C F'A"+L

Proof. See (]3], 111, §7, 5).
[

Definition 2.19. Let A® be a complex in K*(A). A Cartan-Eilenberg resolution of A® is a
double complex C** together with a morphism of complexes A®* — C*° such that :

1. C% =0 for j <0.

2. The sequences
Ar — C™0 ot

are injective resolutions of A”, and the induced sequences
ker(d%) — ker(d}?) — ker(dp') — - -
n(d}) — Im(d}’) = Im(d}") — -
H"(A*) — H}(C*%) — H}MC*') — -
are injective resolutions of ker(d), Im(d’) and H™(A®) respectively.
3. All the short exact sequences
0 — ker(dy) — C™ — Im(d?’) — 0
split.

Lemma 2.20. If A has enough injectives, then any A®* € K" (A) admits a Cartan-FEilenberg
resolution.

Proof. See (]3], §7, 11).
0

Proposition 2.21. Let Fy : K" (A) — K7 (B) and Fy : K*(B) — K(C) be two exact functors.
Suppose that A and B contain enough injectives and that the image under Fy of a complex
I* € K*(A) of injective objects is contained in a Fy-adapted triangulated subcategory Kr, of
K*(B).

Then for any complex A* € D' (A) there exists a spectral sequence

EYY = RIF,((RUF(A%)) = EB" = R"(Fy 0 Fy)(A%).
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Proof. First assume that the proposition is true for F; = Id, i.e. we have the spectral sequence
B} = RB(HY(A%)) = B = R"(Fy)(A*).
By construction of derived functors we have
RPF(RIFY(A%)) = RP(H(F1(17)))
for some complex of injective objects I* quasi-isomorphic to A®, and since
R (Fyo F1)(A%) = H"(Fy o IW(I°)) = R"Fy(Fi(1%)),

the general case is also true.

Thus it suffices to show the proposition with F; = Id. We will write F' := F,. Consider a
Cartan-Eilenberg resolution C'** of A® and set K** := F(C**). Since F' is additive, it preserves
direct sums, and since C*7 ~ ker d/ ® Im d}’ we have H!(K*?) = FH?(C*?). But fixing ¢ and
running p, H{(C*?) defines an injective resolution of H7(A*) and thus we obtain

HY HE(K*%) = RPF(HY(A®)).

Applying the spectral sequence defined in Proposition 2.18, and using the fact that A®* —
tot(C**) is a quasi-isomorphism, we find the limit
HP™ (1ot (K**)) = HPM(F(tot(C*))),
= H'M(RF(A%)),
RPHIF(A®).
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Part 11
Algebraic geometry

In this part, we introduce basic notions in algebraic geometry. We use the language of schemes
but we try to skip scheme-theoretic properties as we focus on the notion that will be used in
the last part. More content can be found in [8] and [4].

3 Varieties and schemes

3.1 Varieties and morphisms

Let k be a field, A be the ring k[xq, ..., z,]. We denote by A} (or A™ when the context is clear)
the affine n-space k™ endowed with the Zariski topology in which closed subsets are algebraic
subsets, i.e. the ones of the form

Z(T) ={x e A" | f(xr)=0forall feT}
for some subset T C A.

Definition 3.1. Irreducible closed subsets of A" (with the induced topology) are called affine
varieties. Open subsets of an affine variety, endowed with the induced topology, are called
quasi-affine varieties.

Given an affine variety V' C A", the set I(V') C A is the ideal of A given by all polynomials
vanishing on V. Then we define the affine coordinate ring of V' as the quotient ring A/I(V),
and the dimension of V' as the (Krull) dimension of A/I(V).

In this text, we will be more interested in the notion of projective variety. Let P" be the
usual projective n-space. Let S = k[xg,...,x,] be the usual polynomial ring considered as a
graded ring (with the natural graduation deg(z;) = 1). For a subset T" of homogeneous elements
in S, set

Z(T)={xeP"| f(x)=0forall feT},

(the condition f = 0 is well defined in P" for f homogeneous). A subset Y C P is called
algebraic if there exists a set T' of homogeneous elements in S such that Y = Z(7T). We defined
the Zariski topology on P™ by defining algebraic sets as closed subsets.

Definition 3.2. A projective variety is an irreducible closed subset of P (with the induced
topology). An open subset of a projective variety, endowed with the induced topology, is a
quasi-projective variety.

The dimension of a (quasi-)projective variety is defined as its dimension as a topological
space, i.e. the supremum of all integers n such that there exist a chain Zy C --- C Z, of distinct
irreducible closed subsets.

Proposition 3.3. A projective (resp. quasi-projective) variety admits a finite cover by open
subsets homeomorphic to affine (resp. quasi affine) varieties.

Proof. 1t is enough to show that P" admits a cover by opens U;’s homeomorphic to A", then
any projective variety V' C P" admits a cover V N Uj;).
Consider the subset H; C P" defined as Z({z;}), and define U; := P™ \. H;. Then set

;i : U, — A"
C ag Gi-1 Gix1 any -
l[ag : ... a,] <ai""’ ai,ai,...,ai)
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The map ¢; is clearly bijective. Without loss of generality, assume ¢ = 0. Let Y be a
closed subset of U, and Y be its closure in P*. Then Y = Z(T) for some subset T C S"
(where S" denotes the subset of all homogeneous elements in S). Thus ¢o(Y) = Z(T") where
T"C A=k[yi,...,yn] is the subset

T ={f(Lyr,-..,yn) | f €T}

Conversely, let F be a subset of A, then ¢y (Z(F)) = Z(F') N Uy, where

T

F':={z5g( .,i—Z) | g € F of degree e} C S = k[zg,...,x,].

_7..
Zo
O

Before to define morphisms of varieties, we will briefly recall some constructions of sheaves,
and in particular introduce the notion of sheaves of modules. For more general sheaf theory,
we refer to ([3], I, 5) or ([8], II, 1).

Definition 3.4. Let f : X — Y be a continuous map between topological spaces, let F be a
sheaf of abelian groups on X and G be a sheaf of abelian groups on Y. We define:

e the direct image sheaf on'Y by f.F (V) :=F(f~4V)) for any open V C Y,

e the inverse image sheaf f~1G on X to be the sheaf associated to the presheaf U
ligvD ) G for every open U C X, the limit taken on every open V' C Y containing

fU).

In the case of the inclusion i : Z < X of a subspace Z of X (with the induced topology),
we will often write F|z :=i ' F.

To define the next notion, recall that a ringed space (X, Ox) is the data of a topological
space X and a sheaf of rings Ox over it.

Definition 3.5. Let (X, Ox) be a ringed space.

o A sheaf of Ox-modules (or simply an Ox-module) is a sheaf F on X such that for
every open subset U C X, F(U) is an Ox(U)-module, and for any inclusion V' C U the
restriction map F(U) — F(V') is a morphism of Ox(U)-modules.

e A morphism ¢ : F — G of Ox-modules is a morphism of sheaves such that the maps
©(U) are morphism of Ox(U)-modules.

Note that the kernel, cokernel, subsheaf, image, quotient, direct product, direct limit and
inverse limit of Ox-modules are Ox-modules. If F is a sheaf of Ox-modules, then F|; is a
sheaf of Ox|y-modules.

Remark 3.6. A particular example of Ox-module is the sheaf OY" called free of rank n. A
Ox-module F over X is said to be locally free if X can be covered by open subsets U such that
Flu is a free Ox|y-module.

A locally free Ox-module of rank 1 is called invertible. Invertible sheaves play an important
role that we will discuss later in this text.

Another important example is the following: a sheaf of ideals F is an Ox-module such that
for all open U C X, F(U) is an ideal of Ox(U). In particular, F is an Ox-submodule of Ox.

Definition 3.7. Let F and G be two Ox-modules. We define:

e the sheaf Hom, denoted Hom(F,G), to be the sheaf of Ox-modules U — Homo |, (F|v,G|v)
where the latter denotes the Ox (U)-module of morphism of Ox|y-modules between F|y
and G|y ;
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e the tensor product F ®o, G to be the sheaf associated to the presheaf U — F(U) ®o v
G(U).

Now, let’s look back to our construction of direct and inverse image of sheaves.

Definition 3.8. Let f: (X,Ox) — (Y, Oy) be a morphism of ringed spaces, that is a couple
(f, f*) where f: X — Y is a continuous map and f# : Oy — f,Ox is a morphism of sheaves.
Let G be an Oy-module. Then we define the Ox-module f*G, called inverse image of G as:

f*G = f7'G @10, Ox.

Given such an f : (X,0x) — (Y,Oy), if F is an Ox-module, then the morphism f# :
Oy — f.Ox induces a structure of Oy-module on f,F.

Definition 3.9. A ringed space (X, Ox) is a locally ringed space if for all z € X the stalk Ox ,
is a local ring.

A morphism of locally ringed spaces f : (X, Ox) — (Y, Oy) is a morphism of ringed spaces
such that for all z € X, the map induced on stalks f# : Oy, f(z) — Ox 4 is a local morphism of
rings, i.c. the preimage by f# of the maximal ideal of Ox_, is the maximal ideal of Oy, F(z)-

In this definition, the induced map on stalks is defined as follows: the map f# : Oy — f.Ox
induces maps on stalks fﬁx) : Oy f@) = ([:Ox) (), but (fuOx) @) = Ox, by definition of f..

In order to define morphisms of varieties, we will endow any variety with a structure of
locally ringed space.
Let k be an algebraically closed field.

Definition 3.10. Let V' be an affine variety in A}, let U be an open subset of V. A regular
function on U is a map f : U — k such that for every point x € U, there exists an open
neighborhood W C U containing x and polynomials g,h € A := k[xy,...,z,] such that h # 0
on W and f=g/hon W.

One can check that a regular function is continuous if we identify k with A} with the Zariski
topology.
There is a similar definition for projective varieties.

Definition 3.11. Let P be an affine variety in P}, let U be an open subset of P. A regular
function on U is a map f : U — k such that for every point x € U, there exists an open
neighborhood W C U containing = and homogeneous polynomials g,h € S := k[zo, ..., x,] of
same degree such that h # 0 on W and f = g/h on W.

Such g and h do not define functions on [P} but their quotient is well defined.
For now on, we will call variety any (quasi-)affine variety or (quasi-)projective variety.

Definition 3.12. Let X be a variety on k. For each open U C X, let O(U) be the ring of
regular functions on U. We define the sheaf of reqular functions of X, denoted Ox, to be the
sheaf U — O(U) with obvious restriction maps.

The fact that Oy is a sheaf is not hard to check: a regular functions which is locally 0 is
0, and a functions which is locally regular is regular. Now we can consider a variety X as a
ringed space (X, Ox).

Remark 3.13. The homeomorphisms defined in Propositon 3.3 induce morphisms of ringed
spaces (U, Opy,) — (A", Opn), i.e. we have the map — o ¢; : Opn — Oy, which is a sheaf
morphism.

Let’s give some properties of Oy.
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Proposition 3.14. Let X be an affine variety in A", and define A(X) = klxy,...,z,|/1(Y).
Then:

1. for each v € X, Ox, =~ A(X)m, where m, is the (mazimal) ideal of functions vanishing
at x,

2. Ox(X) =~ A(X).

Proof. 1. For any € X there is a natural morphism A(X )y, — Ox ., which sends a quotient
f/h, seen as a function defined locally near x, to its germ in the stalk Ox ,. This map is
clearly injective since the quotient does not depend on the choice of a neighborhood of x
and it is surjective by definition of Ox.

2. Notice that Ox(X) C ﬂ A(X)m, by definition of regular functions, where the A(X ),

are seen as subrings of the quotient field of A(X). Now, notice that the maximal ideals
of A(X) are exactly the m, for x € X, thus we get

A(X) COx(X cﬂA

To conclude, recall that any integral domain is equal to the intersection of its localizations
at all maximal ideals.
O

An important consequence of this result is the fact that every stalk Ox, is a local ring.
Indeed, we proved earlier (cf. Remark 3.13) that any variety X can be covered by open subsets
U; such that (U;, Op,) is isomorphic (as a locally ringed space) to an affine variety (V;, Oy;).
We can now define the notion of morphism of variety.

Definition 3.15. Let X, Y be two varieties over an algebraically closed field k. A morphism
from X to Y is a continuous map ¢ : X — Y such that the precomposition by ¢ induces a
morphism of locally ringed space (X,Ox) — (Y, Oy).

In other words, a morphism between varieties is a continuous map which sends regular
functions defined on an open V' C Y to regular functions defined on f~!(V) C X. For instance,
the homeomorphism ; : U; — A" defined in Proposition 3.3 is an isomorphism of varieties. In
particular, any variety can be covered by affine varieties (in the sense that the inclusion maps
are homeomorphism on their images).

3.2 Schemes

Let A be a ring, let Spec A be the set of all primes ideal of A. For any ideal a of A, let
V(a) C Spec A be the set of all prime ideals which contain a.

Lemma 3.16. We can define a topology on Spec A, called the Zariski topology, by taking the
subsets of the form V(a) to be the closed subsets of Spec A. In particular, Spec A = V({0})
and ) =V (A).

Proof. 1t’s enough to show that V(ab) = V(a) UV (b), V(> a;) =V (a;). See ([4], 2). O
We want to give a structure of ringed space to Spec A.
Definition 3.17. We define a sheaf of rings Ogpec 4, called structure sheaf of Spec A, as follows.

For any open U C Spec A, define Ogpec 4(U) as the ring of functions s : U — [[ A, which verify:
pel

1. forall p e U, s(p) € A,,
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2. for every p € U, there is an open neighborhood V' of p and elements a, f € A such that
forevery q € V, f ¢ q and s(q) = a/f.

One can check that it is indeed a sheaf. Given aring A, we call the ringed space (Spec A, Ogpec 4)
the spectrum of A. Notice that the open subsets D(f), f € A, defined as the complement of
V((f)) form an open basis for the topology of Spec A.

Proposition 3.18. Let A be a ring and (Spec A, Ogpec 4) be its spectrum. For any p € Spec A,
we have Ogpec ap = Ap.

Proof. Denote O = Ogpec 4 to simplify the notation. Define the homomorphism ¢ : O, — A,
which sends any local section in a neighborhood of p to s(p) € A,.

e ¢ is surjective: if p € D(f) then for any a/f € Ay, a, f € A and f ¢ p, the local section
given by the image of a/f in the local rings over D(f) takes the value a/f over p.

e ¢ isinjective: assume s(p) = t(p). We can assume by taking a small enough neighborhood
U of p that s = a/f and t = b/g on U with a,b, f,g € A and f,g ¢ p. Thus we
have a/f = b/g in A,, so there is an h ¢ p such that h(ga — fb) = 0. Thus over
D(f)ND(g) N D(h), we have s = t, i.e. the local sections s and ¢ coincide on an open
neighborhood of p, so they are equal in O.

[]

Remark 3.19. To be more precise, we have that for any element f € A, the ring Ogpec(a)(D(f))
is isomorphic to the ring Ay. In particular, Ogpec a(Spec A) ~ A. In fact, it is possible to define
Ox by setting Ox(D(f)) := Ay (see [4], 2).

Proposition 3.20. If ¢ : A — B is a homomorphism of rings, then ¢ induces a natural
morphism of locally ringed spaces

(fa f#) : (Spec B7 OSpecB) — (SpeCAa OSpecA)

where f : Spec B — Spec A is a continuous map and 7 : Ospec 4 = f«Ospec B 15 @ morphism
of sheaves.

Proof. We define f : Spec B — Spec A by f(p) = ¢ }(p). It’s easy to see that f~1(V(a)) =
V(e(a)) for any ideal a of A, thus f is continuous. Now, for any prime ideal p C B notice that
an element in A \ ¢~ *(p) is sent to a unit through the composition A — B — By, so by the
universal property of the localization we obtain a homomorphism ¢, : A,-1(,) — B, such that
the diagram

A—* B,

o|

Ap1(p)

®

commutes. Moreover ¢, is local.

Now, for any open V' C Spec A we want to define a morphism f# : Ogpec 4(U) — Ogpec 5(fHU)).

To do so, consider a section 0 € Ospeca(U), i.e. amap o : U — [[ A,. Then f#(U)(0) is
peU
defined via the composition

FHU) —L U NI (f) =2 [T Aperg) 2 11 B,

Finally, we identify the morphism ff with the map ¢, which is a local ring homomorphism, so
(f, f*) is a morphism of locally ringed spaces. O
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Remark 3.21. In fact, the converse holds: any morphism of locally ringed spaces Spec B —
Spec A arises from a homomorphism of rings ¢ : A — B ([8], 11, 2.3).

Definition 3.22. An affine scheme is a locally ringed space (X, Ox) which is isomorphic to
the spectrum of a ring.

A scheme is a locally ringed space (X, Ox) such that every point # € X has an open
neighborhood U such that (U, Ox|y) is an affine scheme.

Example 3.23. e If k is a field, Spec k is an affine scheme consisting in a singleton (viewed
as a topological space) and the (constant) sheaf k.

e If £k is an algebraically closed field, we define A} := Spec k[x,...,z,], called the affine
space over k. Hilbert’s Nullstellensatz tells us that the closed points (i.e. the maximal
ideals) are in one-to-one correspondance with the space k™. Moreover, this correspondance
yields an isomorphism between the set of closed point (with the induced topology) and
the variety AJ.

An affine scheme is always quasi-compact, but this is not true for general schemes. Usually,
we will work with X being a noetherian scheme, that is a quasi-compact scheme such that X
admits a covering of affine subsets Spec A; with A;’s noetherian rings. It turns out that this

is equivalent to the property that for every open affine subsets Spec A, A is a noetherian ring.
See ([8], 11, 3.2).

Let S be a graded ring. Set S, = €P Sy, called irrelevant ideal of S. Let ProjS be the set
d>0
of all homogeneous prime ideals p of S which do not contain the irrelevant ideal S, . For any

homogeneous ideal a of S, we define the subset V(a) = {p € Proj S|a C p}.

Definition 3.24. We define a topology on Proj .S by taking the closed subsets to be the subsets
of the form V' (a).

Recall that given a homogeneous ideal p € ProjS, the ring S, is defined as the set of
elements of degree 0 in the localized ring 7T-1S, where T is the multiplicative system of all
homogeneous elements of S which are not in p. We define a sheaf of rings Op,.j5 as follows.

For any open U C ProjS, define Op,ojs(U) as the ring of functions s : U — [] Ay, which
pev
verify:

1. for all p € U, s(p) € Sgp,

2. for every p € U, there is an open neighborhood V' of p and homogeneous elements a, f € S
of same degree such that for every q € V., f ¢ q and s(q) = a/f in S(y).

Proposition 3.25. 1. For any p € Proj S, the stalk Opyojsy s tsomorphic to the local ring
S)-

2. For any homogeneous f € Sy, let D, (f) :={p € ProjS|f ¢ p}. Then D, (f) is open in
Proj S, and these opens cover Proj S.

3. For any homogeneous f € S, we have

(D4(f), Oprojs|p, (r)) = Spec Sy,

where Sy is the subring of elements of degree 0 in the localized ring Sy.

Proof. The proof of the first statement is similar to the proof of Proposition 3.18. The second
statement is obvious since D, (f) = Proj S ~ V((f)), and that elements of Proj.S are homo-
geneous prime ideals which do not contain the whole S, .

33



To prove the last statement, we construct an isomorphism of locally ringed spaces (¢, )
from D, (f) to Spec S(y). First, for any homogeneous ideal a of S define p(a) := (aSy)NS(p. It’s
easy to verify that p(p) € Spec S(y) whenever p € D, (f) and that ¢ is bijective when restricted
to Dy (f). Moreover, a C p if and only if p(a) C ¢(p). Hence ¢ is an homeomorphism.

To define o#, consider an element 0 € Ogpecs;,(U). Then we define ¢#(U)(0) via the
composition

e HU) 2= U —==T1(S()ee) —= LI Ss

where the last map is given by the natural isomorphism S,y ~ (S(s))e(p) for any homogeneous
prime ideal p which does not contain f. It is clear, since ¢ is an homeomorphism, that ¢* is
an isomorphism of locally ringed spaces. ]

Example 3.26. e Let A be a ring and Alxo,...,x,]| be the ring of polynomials in n + 1
variables over A endowed with its natural graduation. We define P%; := Proj Alz, .. ., z,]
called the projective n-space over A.

o If A =F is an algebraically closed field, then P} is a scheme whose subset of closed point
is isomorphic to the variety P}. Indeed, closed points are in one-to-one correspondance
with homogeneous ideals which are maximal within Proj k[xy, ..., z,]. Such ideals are of
the form

<ar;—ajz; | 1,7=0,...,n>.
Notice P} is covered by the distinguished open subsets D (z,) for p =0,...,n. Fix one
of them (say p = 0), then on D, (x() you have the isomorphism

b Di(w9) — Specklzo, ..., 2n](w0))

xT .
< QT — a;T; > <CL¢I—;—CI/J’§—; >

We have the identification Spec k[xo, . .., Zn] (@) = Speck[yi, . .., yn] by defining y; = fc—g,
and then < ;7% — a7t >=< a;y; — a;y; >.
In the case n = 2, every element in D, (xg) is of the form < apx; — a1z > with ag # 0,

then its image by ¢ is < apy1 — a1 >=<y1 — &= >€ Speck[y1]. We see that the change
of coordinates on D () N D (1) is exactly [1: 2] — [2¢: 1].

al
Definition 3.27. Let S be a fixed scheme. A scheme over S is a scheme X together with
a morphism of schemes X — S. A morphism X — Y between schemes over S (also called
S-morphism) is a morphism of schemes such that the diagram

X\S/Y

The next proposition shows how to relate the notions of scheme and variety.

commutes.

Proposition 3.28. Let k be an algebraically closed field. There is a natural fully faithful functor
t: Var /k — Sch /k

between the category of varieties over k to the category of schemes over k (that is, scheme over

Speck).

Proof. Let V be a variety. We define the topological space t(V') as the set of all non-empty
irreducible closed subsets of X. Then, covering V' by affine varieties V;, we show that ¢(V;) is
a scheme isomorphic to (Spec Oy, (V;), Oy,). See (|8], II, 2.6) for a complete proof. O

Remark 3.29. In fact, the image of this functor is exactly the set of quasi-projective integral
schemes over k. The image of the set of projective varieties is the set of projective integral
schemes. Hence, we can define an abstract variety to be an integral separated scheme of finite
type over an algebraically closed field k. For more details see ([8], II, 4.10).
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4 (Coherent sheaves

4.1 (Quasi)-coherent sheaves

Definition 4.1. Let A be a ring and M be an A-module. We define the sheaf associated to
M on Spec A, denoted M, as follows. For any open U C Spec A, define M (U) as the ring of

functions s : U — [[ M, which verify:
pev

1. for all p € U, s(p) € M,,

2. for every p € U, there is an open neighborhood V' of p and elements m € M, f € A such
that for each q € V, f ¢ q and s(q) = m/f in M,.

Remark 4.2. The construction of M is very similar to the construction of Ogpeca. By
the same type of argument as before, one can show that:

o M is an Ogpec 4-module,

e for each p € Spec A, the stalk (M), is isomorphic to the localized module M,,

e for any f € A, the Ay-module M(D(f)) is isomorphic to the localized module M, and
in particular M (Spec A) = M.
Proposition 4.3. Let A be a ring, X = Spec A. Then for all A-modules M and N there is an

1somorphism .
Homy (M, N) ~ Homep, (M, N).

In particular, the functor M M from the category of A-modules to the category of Ox-
modules 1s fully faithful.

Proof. A morphism between sheaves induces a morphism between the modules of global sec-
tions. We want to define an inverse Homep, (M, N) — Homus (M, N). Let ¢ : M — N be a
homomorphism of A-modules. Then it induces a homomorphism ¢y : My — Ny of Ap-modules
for all f € A. Moreover, if f,g € A are such that D(f) C D(g) then we have the commutative
diagram

M, —= N, 9

L

Thus we obtain a well defined morphism of Ox-modules ¢ : M — N. O
Proposition 4.4. Let A be a ring and let X = Spec A. Then :

1. the functor M — M is exact,

2. if M and N are two A-modules, then (M @4 N) = M@)ox N,

—_~— —

3. If (M)ier is a family of A-modules, then (BM;) ~ &M,;.
Proof. See (|4], 7.14). O

Definition 4.5. Let (X, Ox) be a ringed space. An Ox-module F is called quasi-coherent if
for all z € X there exists an open neighborhood U of = and an exact sequence (see Definition
1.7) of Ox|y-modules of the form

Og;])’U — nghj — .F’U — O,

where [ and J are arbitrary index sets depending on x.
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Proposition 4.6. Let X be a scheme and let F be an Ox-module. Then the following assertions
are equivalent.

1. For every open affine subset U = Spec A of X there exists an A-module M such that
JT"’U ~ M.

2. There ezists an open affine covering (U;); of X, U; = Spec A;, and for each i an A;-module
M; such that F|y, ~ M; for all i.

3. The Ox-module F is quasi-coherent.
4. For every open affine subset U = Spec A of X and every f € A the homomorphism
FU)y = F(D(f))
18 an isomorphism.
Proof. See (|4], 7.19). O

Corollary 4.7. Let A be a ring and X = SpecA. Then the functor M > M gives an
equivalence of categories between the category A-Mod of modules over the ring A and the
category Qcoh(X) of quasi-coherent sheaves on X.

The inverse functor is given by F +— I'(X, F), where we denote I'(U, F) := F(U). The same
result is true for coherent sheaves (see below) if you consider the category of finitely generated
A-modules.

Definition 4.8. Let (X,Ox) be a ringed space. An Ox-module F is called coherent if it
satisfies the following properties :

1. F is of finite type, i.e. for all x € X there exists an open neighborhood U of x and a
surjective morphism ¢y : O% |y — Fly.

2. For any such (U, vy ), the kernel of ¢y is of finite type.

Proposition 4.9. Let X be a noetherian scheme and let F be an Ox-module. Then the
following assertions are equivalent.

1. F s coherent.

2. F is of finite presentation, i.e. for all x € X there exists a open neighborhood U of x and
an exact sequence
?(|U — OT;HU — .F|U — 0.

3. F 1is of finite type and quasi-coherent.

Proof. 1t’s clear that 1 = 2 = 3. To prove 3 = 1, since coherence is a local property, we may
assume that X = Spec A for some noetherian ring A. By assumptions, there exists a morphism
¢ : O% — F. Since F is quasi-coherent, there exists a A-module M such that 7 ~ M, and
moreover M is finitely generated since M +—» M is an exact equivalence of category. But since
A is noetherian, any finitely generated A-module is finitely presented. Using the equivalence
again, we obtain that ker(y) is of finite type. O

Remark 4.10. A quasi-coherent sheaf F on a noetherian scheme X is an Ox-module which
can locally be written F|y = M for some A-module M with A noetherian, and F is coherent
if we can choose these modules to be finitely generated.

Proposition 4.11. Let f : Spec B — Spec A be a morphism of affine schemes and let p : A —
B be the corresponding ring homomorphism. Then:
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1. For any B-module N, we have f*(]v) ~ 27\/'/, where 4N is N considered as an A-module.

—~

2. For any A-module M, we have f*(M) ~ (B ®4 M).

Proof. To prove 1, notice that for all g € A we have f~'(D(g)) = D(¢(g)) and therefore we
obtain

F-(N)(D(g)) = N(D(2(9))) = No(y) = (aN)g = aN(D(9))-
These identifications are compatible with restriction maps for D(¢’) C D(g) and functorial in

N, thus it proves 1.
To see 2, first consider the general result:

Lemma 4.12. Let f : (X,0x) — (Y,Oy) be a morphism of ringed spaces. Then for any
Ox-module F and every Oy -module G there ezists an isomorphism of Oy (Y )-modules

Homo, (f*G, F) —— Homop, (G, f.F)

which is functorial in F and G.

In otherwords, f, and f* are adjoints. It follows from the isomorphisms
Homo, (f*G, F) —=Hom-10, (f G, F) — Homop, (G, f.F) ,

we refer to (4], Proposition 2.27) for more details.
Now assuming Lemma 4.12 and using Proposition 4.3, for any quasi-coherent Ogpe. 4-module
F we obtain the functorial isomorphisms

HomOSpecB(f*M7 F) = HomOSpecA(M7 f*F),

= HomOSpecA(M7A‘F(X))7
= HOHIA<M, A.F(X)),

= Homp(B®4 M, F(X)),
= HomOSpccB(B ®a M, ]:>

Since f*Ogpeca = Ospec B and f* is exact and commutes with direct sums, we know that f*]\7
is quasi-coherent. Thus, we can apply the Yoneda lemma to conclude that

Corollary 4.13. Let X be a noetherian scheme.

1. If f: F — G is a homomorphism of (quasi)-coherent Ox-modules, then ker f, coker f,
Im f are (quasi)-coherent Ox-modules.

2. If F and G are (quasi)-coherent Ox-modules, then F & G is (quasi)-coherent.
3. If F and G are (quasi)-coherent Ox-modules, then F @0, G is (quasi)-coherent.

In particular, we see that the category of quasi-coherent (resp. coherent) sheaves Qcoh(X)
(resp. Coh(X)) is abelian.

Proof. The statements 1 and 2 are local, so they follow from Corollary 4.7. To see 3, it suffices
to show that for any open affine subset U = Spec A C X, we have

(F ®ox 9)lv = Flv ®oy ), Glu-
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This isomorphism follows from the definition of the tensor product of Ox-modules (via sheafi-
fication) and the fact that the isomorphisms

—~ ~ —_—

M(D(f)) QL) N(D(f)) = My ®a; Ny = (M ®aN)y~M@4N(D(f))
are functorial and compatible with restrictions D(g) C D(f). O
Proposition 4.14. Let f : X — Y be a morphism between two noetherian schemes.
1. If G is a (quasi)-coherent sheaf on'Y', then f*G is (quasi)-coherent on X.
2. If F is a quasi-coherent sheaf on X, then f.JF is quasi-coherent on'Y .

Proof. 1. Since the statement is local, we may assume that Y is affine. Moreover, since
(f*G)|lv ~ f*(Glf1@w)), we can also assume that X is affine. Then it follows from the
local case (Proposition 4.11).

2. See ([4], Proposition 10.10) or ([8], Proposition 5.8).
[

Remark 4.15. Be careful here: the direct image of a coherent sheaf is not coherent in general.
However, it is the case when the morphism f have some nice properties, e.g. finite or projective.

4.2 Support and closed immersions
Consider a ringed space (X, Ox).
Definition 4.16. Let F be an Ox-module. Then
Supp(F) :={xr € X | F, #0}
is called the support of F.
Note that the support of F is not closed in general. We have the following result:

Proposition 4.17. Let F be an Ox-module of finite type. Let x € X be a point and let
s; € F(U), 1 =1,...,n, be sections over some open neighborhood U of x such that the germs
(s;)z generate the stalk F,. Then there exists an open neighborhood V- C U such that the s;|yv
generates Fly .

Proof. Let U" C U be an open neighborhood of x such that F|y is generated by sections t; €
FU'), j=1,...,m. Then there exist sections a;; of Ox over an open neighborhood U” C U’
of x such that (¢;)|, = > .(@ij)s(si), for all j. Therefore there exists an open neighborhood
V C X of x such that t;|y = >, a;;|v - s;|v. In particular, (s;), generate F, for ally € V. O

Corollary 4.18. Let F be an Ox-module of finite type. Then Supp F s closed in X.

Proof. Note that Supp F is the complement of the subset Xy := {z € X | F, = 0}. But for
any © € X, the 0-section generates F,. Then it generates F|y for some open neighborhood
V C X of x, and thus X, is open. O

Remark 4.19. Let F be an Ox-module with closed support Z C X. Then for all U,V C X
containing Z, we have F(U) = F(V). Indeed, F(U) identifies with the set of maps o : U —

J F. which verifies o(z) € F, and which image can locally be lifted to sections of F. But
zeU

since F, = 0 for x ¢ Z, maps in F(U) and F(V) identify. In particular, if Z = {z} is a
singleton, we can think F as an Ox ,-module F,.
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Definition 4.20. Let Y, X be two schemes. A closed immersion is a morphism f :Y — X of
schemes such that f induces a homeomorphism of Y onto a closed subset of X, and furthermore

the induced morphism f# : Ox — f.Oy is surjective. We say that Y is a closed subscheme of
X.

Example 4.21. e If Ais aring and a is an ideal of A, then Y := Spec(A/a) is a closed
subscheme of X := Spec A. Indeed, the image of Y in X is V(a) and the morphism on
sheaves is surjective since it is surjective on stalks which are localization of A and A/a
respectively.

e Let X be a scheme and = be a closed point in X. Since Ox, is local, the quotient
k(xz) = Ox,/m is a field, called the residual field at x. Then (Speck(z),x(x)) is a
closed subscheme of X: a closed immersion is given by Specx(x) 2 * — x € X and the
composition Ox — Ox, — x(x). This structure on {z} is called reduced induced closed
subscheme structure.

e If X is a scheme over k and zx is a closed point of X endowed with the reduced closed
subscheme structure over k (that is, over Speck), then the composition Speck(z) —
X — Speck gives a homomorphism of fields £ — x(x). In fact, this extension is finite by
Hilbert’s Nullstellensatz (see [4], 3.33); thus if k is algebraically closed every closed point
has residual field k.

Definition 4.22. Let Y be a closed subscheme of a scheme X and let 7 : Y — X be the
inclusion morphism. We define the ideal sheaf of Y, denoted Zy, as the kernel of the morphism
i# : OX — Z*Oy

Proposition 4.23. Let X be a noetherian scheme. Then there is a one-to-one correspondance
between the set of closed subschemes of X and the set of quasi-coherent sheaves of ideals of Ox
given by Y — Iy.

Proof. If'Y is a closed subscheme of X, then Y is noetherian so the sheaf i,Oy is quasi-coherent
on X. Thus Zy is also quasi-coherent.

Now, given a quasi-coherent sheaf of ideals Z of Oy, consider the couple (Y,Oy) with
Y = Supp(Ox/Z) a subspace of X and Oy := i}'(Ox/Z) a sheaf of rings on Y, where
iy : Y — X is the inclusion map. Since Ox/Z is an Ox-module of finite type, its support is
closed by Corollary 4.18. Because the properties of being a scheme and of being quasi-coherent
can both be checked locally, we may assume that X = Spec A is an affine scheme. Now Z is
quasi-coherent if and only if there exists an ideal a of A such that 7 ~ a. Indeed, by Corollay
4.7, T is of the form M for some A-module M, and the injective morphism 7 — Oy induces
an injective morphism M — A, i.e. M is an ideal of A. But then Y = V(a) and Oy = A/aq,
and hence Y = Spec(A/a) (see Example 4.21). O

This proof implies immediately the following:

Corollary 4.24. If X = Spec A is an affine scheme, there is a one-to-one correspondance
between ideals of A and closed subschemes of X. In particular, every closed subscheme of an
affine scheme is affine.

Now we give a brief description of “tangent vectors” on a scheme.

Definition 4.25. Let X be a scheme over a field k£, and let x € X be a point. Denote by
m, the maximal ideal of the stalk Oy, and by k(z) the residual field Ox,/m,. We define the
Zariski cotangent space of X in x to be the k(z)-vector space m,/m2. The k(z)-dual of m,/m?
is called the (Zariski) tangent space of X in x.
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Proposition 4.26. Let X be a scheme over a field k. Then the data of a rational point x € X

(i.e. such that k(x) = k) endowed with a tangent direction p : m,/m2 — k(x) is equivalent to
the data of a k-subscheme Z, —— X concentrated in {x} of length two (i.e. I'(Z,,O0z,) is a
k-vector space of dimension 2).

Proof. Suppose we have such a subscheme Z,. We have a commutative diagram

OZI )

\/

where we identify the sheaf Oz, with a local ring (Ogz,,mz,). Now m, is a k-vector subspace
of Oy, for all integer p > 0 and since N,m? = 0 (Krull intersection theorem, see [2], III, §3, 2)
and dimy, Oz, = 2 we have m} =0 and my, = k.m for some m € my,.

Hence one define a morphism p : m, — k by composing /|y, : m; — my, (recall that v is a
local ring morphism) with the projection mz, — k given by XA -m — m, A € k. Since m}, =0,
the morphism 4 factors through m,/m?2 and we obtain a tangent vector

@ my/m? — k.

Conversely, suppose we are given a point z € X and a morphism p : m,/m? — k. We want
to extend such a map to a morphism of local rings Ox, — k[T]/T? (so that we obtain the
subscheme Z, defined as the skysraper sheaf k[T']/T? concentrated in z). We have the structural

k-algebra morphism & i Ox, and the (k-algebra) projection Ox,—— Ox,/m, ~k.
Choosing v € k to be the representant of 7 o i(v), we obtain that 7 oi = Id. For all

a € Ox, there is a unique decomposition a = i o w(a) + m, for some m, € Ox,. Moreover,
m(a) =moiom(a)+ m(m,) = m(a) + m(m,) and thus m, € m,. Thus we define the morphism

w: Ox, — Kk[T]/T?
a — mwoi(a)+ p(my)T

and combined with the canonical injection k > v — v+0.T € k[T]/T? we obtain a k-subscheme
Zy = k[T]/T? of length two. O

5 Projective schemes

5.1 Ampleness

Let S be a graded ring and X = ProjS. For any n € Z, we define S(n) as the ring S with a
shifted graduation: for all k£ € Z, s € S has degree k if and only if s € S(n) has degree k — n.

Definition 5.1. For any n € Z, let Ox(n) be the Ox-module §(\n/), and for any Ox-module
F, let F(n) be the Ox-module F ®p, Ox(n). We call Ox(1) the twisting sheaf of Serre.

Proposition 5.2. Let S be a graded ring and let X = ProjS. Assume that S is generated by
S1 as an Sy-algebra.

1. The sheaf Ox(n) is an invertible sheaf of X (that is locally free of constant rank 1).

2. For any graded S-module M, M(n) ~ M(n). In particular, Ox(n)®@0Ox(m) ~ Ox(n+m).
Proof. See (|8], II, Proposition 5.12) O

Notice that for any homogeneous element f € S, as Sy is the group of elements of degree
0 in S, S(n)(s) is the group of elements of degree n in S.
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Definition 5.3. Let X be a scheme, and F be a sheaf of Ox-modules. We say that F is
generated by global sections if there is a family of global sections {s;}icr, si € I'(X,F) such
that for each x € X, the images of s; in the stalk F, generate that stalk as an Ox ,-module.
Equivalently, it means that we have a surjective map

F(X,J_") ®OX —» JT"

In particular, F is generated by global sections if and only if F can be written as the quotient
of a free sheaf.

If X =P" = Projk[zo,...,x,), then I'(X, Ox(n)) is the space of homogeneous polynomials
of degree n and then Ox(n) is generated by global sections.

In the following, let X be a scheme over a ring A. To simplify the notations, we will denote

O(n) = OPZ (n)

Definition 5.4. An invertible sheaf £ on X is said to be very ample relative to Spec A (or
relative to A) if there exists an immersion i : X — P’ = Proj Az, ..., x,] for some n, such
that i*(O(1)) ~ L. We say that a morphism X — Z is an immersion if it gives an isomorphism
of X with an open subscheme of a closed subscheme of Z.

Theorem 5.5. 1. If ¢ : X — P is an A-morphism, then ¢*(O(1)) is an invertible sheaf
on X which is generated by the global sections s; = p*(x;), 1 =0,...,n.

2. Conversely, if L is an invertible sheaf on X, if so,...,s, € ['(X, L) are global sections
which generate L, then there exists a unique A-morphism ¢ : X — P’ such that L ~
©*(O(1)) and s; = ¢*(x;) under this isomorphism.

Proof. 1. Tt’s clear that ¢*(O(1)) is invertible. Indeed, for any affine subset U C P such that
O(1)|u =~ Opr |y, consider an affine cover ¢~'(U) = |JV;. Then for each i the restricted
morphism ; : V; — U is a morphism of affine schemes, then ¢*(O(1))|y, ~ ¢*(Oy) =~ Oy,.
Moreover, since ¢*(O(1)), = O(1),w@) ®@P%x Ox 4(z), We see that the global sections
©*(x;), 1 =0,...,n, generate *(O(1)).

2. Foreachi=0,...,nlet X; :={zv € X | (s;), ¢ myL,}, where L, is identified with Ox .
First, notice that X; is open: in any open affine subset U = Spec B C X, we have an
identification s;|y = b € B. Then X; N U = D(b), in particular X; is open in any open
affine subset of X, thus it is open in X. Since the s;’s generate £, the sets X; must cover
X.

Now consider the standard open subsets U; := {z; # 0} ~ Spec Alyo, . . ., y,] of P, where
y; = x;/x; and y; is omitted. Define the ring morphism

H A[y07 s 7yn] — F(Xza OXl)

sending y; to s;/s; and making it A-linear. Notice that by construction, the morphism
Ox, — Lx, given by 1 — s; = s;|x, is an isomorphism since it is invertible on stalks (the
inverse is given by 1 — 1/s;). Hence we can identify s;/s; as an element of I'(X;, Ox;).
The morphism g induces a morphism of schemes (over A) X; — U; (see [8], II, Exercice
2.4), and these morphisms glue together so we obtain an A-morphism

p: X =Py

We see by contruction that we have ¢*(z;) = s; and thus ¢*(O(1)) ~ L. Moreover,
the uniqueness is quite clear since any A-morphism with these properties would be as

constructed on each open X;.
O
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Theorem 5.6. Let k be an algebraically closed field, let X be a projective scheme over k
and let ¢ : X — P} be a k-morphism corresponding to the invertible sheaf L and sections
S0y -y 8n € D(X, L) (see Theorem 5.5). Let V C T'(X, L) be the subspace spanned by the s;’s.
Then ¢ is a closed immersion if and only if:

1. Elements of V separate points, i.e. for any two distinct closed points x,y € X there is an
s € V such that s € m,L, but s ¢ m,L, or vice-versa.

2. Elements of V' separate tangent vectors (or tangent directions), i.e. for each closed point
xv € X the set {s € Vs, € m,L,} spans the k-vector space mL,/m2L,.

Proof. Assume ¢ : X — P" is a closed immersion. Then £ identifies with Ox(1) and the
vector space V' is spanned by the images of x,...,z, € I'(P", O(1)). Given two closed points
z,y € X, there exists a homogeneous polynomial f of degree 1 such that f(z) = 0and f(y) #0
(here we use that k is algebraically closed). Hence f|x is a global sections of £ that satisfies
condition 1: just identify, for any closed point ¢ € X, the stalk m;L; with the germs of regular
functions of £ that vanish at ¢.

For condition 2, assume for simplicity that z = [1:0:...:0]. Then z is in the distinguished
open Uy which identifies with A}, = Speck[y1, ..., y,] with y; = x;/x. In Uy, z identifies with
the point (0,...,0) and the sheaf L[y, becomes trivial (i.e. isomorphic to Opz) via the map

fo(layla"'ayn)

g g(Lylw"ayn)’

where f and g are homogeneous polynomials with deg f = degg + 1. Hence, the stalk m, is
given by germs of regular functions that are of the form f/g near 0, with f(0) = 0 and g(0) # 0.
In particular, such an f is of the form

f=aiy1 + -+ a,y, + higher degree terms

with a; € k. But the higher degree terms are in m2, and thus m, /m? is generated by the global
sections Y1, ..., Yn-

For the converse, see ([8], I, 7.3). The idea is the following: we want the sections s, ..., s,
to be our coordinates in P}. Separating points ensures that ¢ is injective (the fact that ¢ is
an homeomorphism onto a closed subset of P} can be verified using the projectivity of X). For
the surjectivity of the morphism of sheaves Opp — .Ox (i.e. the surjectivity of the induced
morphism on stalks Opn ., — Ox..), we want to apply the following result of commutative
algebra:

Lemma 5.7. Let f: A — B be a local morphism of local noetherian rings such that
1. A/my — B/mg is an isomorphism
2. ma — mp/m% is surjective, and
3. B is a finitely generated A-module.

Then f is surjective.

(A proof of this lemma is also given in [§8], I, 7.3).

The morphism Opr — Oy, verify condition 1 since both residual fields are k, and condition
3 is ensured by the fact that ¢,Ox is coherent (Remark 4.15). Finally, separating points gives
condition 2, hence ¢ is a closed immersion. O]

Remark 5.8. Notice that V' separates points if and only if the restriction map

V = T(X, k(z) ® k(y))

42



is surjective for any two closed points z,y € X. Similarly, V' separates tangent vectors if and
only if, for any subscheme Z, of lenght two concentrated in z € X, the restriction

V —-T(X,0z,)
is surjective (see Proposition 4.26).

Definition 5.9. An invertible sheaf £ on a noetherian scheme X is said to be ample if for
every coherent sheaf F on X there is an integer ng > 0 such that for any n > ng, the sheaf
F ® L" is generated by its global sections.

Our use of ampleness lies in the following theorem.

Theorem 5.10. Let X be a variety over a field k and L be an invertible sheaf on X. Then L
1s ample if and only if L™ is very ample over Speck for some m > 0.

Proof. As the proof is long and technical, we refer to the litterature ([8|, II, Theorem 7.6 or [4],
Theorem 13.59). O

Notice that the hypothesis on X can be weakened (X must be a scheme of finite type over
a noetherian ring A), but we will try to avoid properties of scheme in this text as our goal is
to study projective varieties.
5.2 Cohomology and projective space

In this part, we work with a ringed space (X, Ox). We will give brief recalls on cohomology
of sheaves, which is directly related to derived functors (see Definition 2.4). We will use the
following famous result, and we refer to the literature ([8], III, 2) for a proof.

Proposition 5.11. The categories Ab of abelian groups, the category Abx of sheaves of abelian
groups on X and the category Sho, (X) of sheaves of Ox-modules have enough injectives.

Definition 5.12. For all n € Z, we define the cohomology functors H"(X, ) to be the right
derived functors R"I'(X, ) of the left exact functor I' : Abx — Ab sending a sheaf F on X
to its global sections I'(X, F).

Recall that given a sheaf F and an injective resolution F — Z°, we have H"(X,F) =
H™(T'(X,Z*)). In particular, H°(X,F) = T'(X,F) (see Remark 2.4).

Remark 5.13. The cohomology groups H™(X,F) can also be computed by other resolutions
F — G*: we just need the resolution to be I'-acyclic, i.e. H"(X,G*) = 0 for all n > 0.
For instance, flasque sheaves (that is sheaves with all restriction maps being surjective) are
[N-acyclic.

We can define other usefull derived functors:
Definition 5.14. Let F be an Ox-module. For all n € Z, we define:

e the functors Ext"(F, ) to be the right derived functors of the functor Hom(F, ),

e the functors Ext™(F, ) to be the right derived functors of the functor Hom(F, ).
Proposition 5.15. For any Ox-module G, we have:

1. Ext%(Ox,G) =G,

2. Ext™(Ox,G) =0 forn >0,

3. Ext"(Ox,G) ~ H"(X,G) for alln > 0.
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Proof. First note that Hom(Ox,G) = I'(X, G) since for all open subset U C X any morphism
Ox(U) = G(U) is totally defined by the image of 1 () and thus can be lifted in a unique way
to a morphism between global sections. In particular, it means that the functors Hom(Ox, )
and I'(X, ) are equal and then their derived functors are equal. It proves 3.

Now, Hom(Ox,G)(U) = Hom(Ox|v,G|lv) = G(U) for any open subset U C X. Thus we
have Hom(Ox, ) = Id. It proves 1 and 2. O

Proposition 5.16. Let L be a locally free Ox-module of finite rank. We define the dual of L
as the sheaf LY := Hom(L,Ox). Then for any Ox-modules F,G we have

Homp, (£ ® F,G) ~ Home, (F, LY ® G).
Proof. First, let’s prove that £Y ® G ~ Hom(L,G). Indeed, for any open subset U C X, define

p: LYU)®GU) — Hom(L|y,Glv)
g — (L(V)30—1(0) glv € G(V))

for any open subset V' C U. It is clearly an isomorphism on stalks, so the map u* induced by
the sheafification is also an isomorphism.
Now, define the map

¢ : Home, (L ® F,G) — Home, (F,Hom(L,G))

as follows. For any ¢ : L& F — G, set p(¥)u(s)v(t) := Yy (t @ s|y), where V C U C X are
open subsets, s € F(U), t € L(V) and t ® s|y is the image of the element in the presheaf £L & F
via the sheafification. Now ¢(¢)) = 0 if and only if ¢y is the zero map for every V. Thus ¢
is injective. Finally, given a morphism 6 : F — Hom(L,G), define for any U C X the map
Yy LU)@ F(U) = GU) as vy(l® f) = 0(f)(1) for any | € L(U), f € F(U). Then the
associated map

YT LRF =G

verifies (1)) = 6, hence ¢ is an isomorphism. O

If £ is a locally free sheaf of rank 1, it is easy to see that £ ® £V ~ Ox. That’s the reason
why we say that £ is an invertible sheaf.

Corollary 5.17. Let L be a locally free sheaf of finite rank. Then for any Ox-module F,G we
have

Ext"(F® L,G) ~ Ext"(F, LY ®G).

Proof. Notice that if Z is injective, then £ ® Z is also injective. Indeed, the functor £V ® ()
is exact and the functors Hom( ,£ ® Z) and Hom(- ® £Y,Z) are isomorphic. In particular,
it means that if Z* is an injective resolution of G, then £Y ® Z°® is an injective resolution of
LY ® G. Since the functors Hom(F ® £, ) and Hom(F, LY ® -) are isomorphic, so are their
derived functors. O

Remark 5.18. Similar results exist for the sheaves Ext"(F, G), but since the category Shp, (X)
does not contain enough projectives in general, one has to use more general theory, e.g. §-
functors, see (|5], 11, 2.2.1).

Theorem 5.19. Let X be a projective variety over a field k and let L be an ample invertible
Ox-module. Then there exists an isomorphism of k-schemes

X ~Proj@T(x, LY.

d>0
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Proof. For more details, see ([4], 13.75).

By Theorem 5.10, up to consider tensor powers we can suppose that X2 P and
Ox(1) .= L = ¢*(O(1)). Let Zx be sheaf of ideals determined by X in P". Recall that
P" = Proj k[zo, ..., %,]. Then we have

X = Proj k[xo, ..., z,]/1,

where I = T'.(Zx) := @ T'(X,Zx(k)) (see [8], II, 5.16). Then define the morphism of graded

kEZ
algebras
Qe k[l’o, s 7xn] — @F(X7 OX(k))
kEZ
given by P(xq,...,2z,) — P(so,...,S,) where the s;’s are the sections defining ¢. It is clear

that I = ker u, so we just need to check surjectivity. To do so, consider the exact sequence
0—=>Zx®0O(k) = O(k) = Ox(k) = 0.
It induces a long exact sequence in cohomology
o= HY(X,0(k)) = HY(X,0x(k)) = HY(X,0(k) @ Ix) — --- .

But O(k) ® Zx = Zx (k) and by Serre vanishing theorem ([8], III, 5.2) we obtain, for k& > 0,
that H'(X,Zx(k)) = 0 and thus H°(X,O(k)) — H°(X,Ox(k)) is surjective. Hence pu is
surjective. ]

This result is fundamental as it will be a key step in the proof of the main theorem presented
in this text (Theorem 7.9).

5.3 Serre duality

To begin with, we will give a definition of differential forms for algebraic varieties, but in order to
avoid scheme-theoretic constructions we will do it in a local-to-global way. For deeper studies,
see ([8], IL, 8).

Definition 5.20. o Let k be an algebraically closed field. Let V' C A} be an affine variety
over k defined by the polynomials (fi,..., f,). The set of algebraic differential forms
on V', denoted Qy, is the I'(V, Oy )-module generated by the symbols dxy,...,dx, with
relations dfy, ..., dfm, where df; = S 2L

Ox;*

e Let X be a variety over k. Consider a covering X = (JV; by affine open subsets. We
define the sheaf of differential forms §2x over X to be the sheaf given by glueing the
sheaves Qy,. The maps d; : I'(V;, Oy;) — Qy; glue together to give a map d : Ox — Qx.

e We define
Q% = AQx.

Its elements are called g-forms or differential forms of degree q.

Recall that an affine variety V' C A™ defined by polynomials fi,..., f,, is reqular (or non-

singular) at a point € V if the matrix (gg?) has rank (n—dim V). A variety X is non-singular
J

at a point z € X if the local ring Ox . is regular, that is dimg m,/ m2 = dim Ox . In the affine
case both definitions coincide.

A non-singular variety X is a variety which is non-singular at every point. We also say that
X is smooth.

Theorem 5.21. Let X be an irreducible non-singular variety over an algebraically closed field
k. Then Qx is a locally free sheaf of rank dim X.
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Proof. See (|8], 11, 8.15). O

Definition 5.22. Let X be a non-singular variety over an algebraically closed field k. We
define the canonical sheaf of X to be

Wx = AnQX

Behind this definition, there is the deep notion of dualizing sheaves. We refer to ([8], III, 7)
for more details.
The canonical sheaf has the following (dualizing) property: there exists a trace morphism

t: H"(X,wx) = k
such that for any coherent sheaf F on X, the natural pairing
Hom(F,wx) x H"(X,F) - H"(X,wx)
followed by t gives an isomorphism
Hom(F,wx) ~ H"(X, F)".

Theorem 5.23. Let X be a non-singular projective variety of dimension n over an algebraically
closed field k. Let wx be its canonical sheaf. Then, for all i > 0 and for all F coherent sheaf
on X, there are natural functorial isomorphisms

g : Exti(]:, wyx) — H" (X, F)*

where the * stands for the dual vector space, such that 6° is the map given by the dualizing

property discussed above.

Proof. See (|8], I1I, 7.6) for a complete proof.
The idea of the proof is the following. To construct the morphisms &%, one needs to prove
that any coherent sheaf F can be written as a quotient of a sheaf of the form @ Ox(—q) for
j=1
some ¢ > 0, where Ox (1) is a very ample sheaf on X. Then, one proves that for any locally

free sheaf F on X, we have '
H' (X, F(—q)) =0

for i < n and ¢ big enough. To conclude that the #*’s are isomorphisms, one can use the theory
of o-functors (see [5], II, 2.2.1).
[

Remark 5.24. If F is locally free, we have
Ext'(F,wy) ~ Ext(Ox, F¥ @ wx) ~ H'(X,F’ ® wx)
and then Serre duality gives

HY(X,F)~ H" (X, F' ®@wx)"
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Part 111
Derived category of coherent sheaves

In this last part we will use all the notions and tools introduced in Part I and II. Our principal
goal is the proof of the last result (Theorem 7.9) due to Bondal and Orlov.

6 Derived category and canonical bundle

Let X be a noetherian scheme. We study D’(X), the bounded derived category of coherent
sheaves on X. Note that if X is defined over a field k, then the derived category will be
considered as a k-linear category.

To avoid any confusion with cohomology of sheaves, we will denote the n'” cohomology sheaf
(though as an object of the abelian category Coh(X)) of a complex of sheaves F* as H"(F*).

6.1 Basic structure

The category of coherent sheaves on a noetherian scheme does not contain enough injectives in
general, but we have the following result.

Proposition 6.1. On a noetherian scheme X, any quasi-coherent sheaf F admits a resolution
0+F I =-T1"— ...

by quasi-coherent sheaves I" which are injective as Ox-modules.
Proof. As the proof is long and technical, we refer to the literature (|7], II, 7.18). ]

In particular, we obtain that Qcoh(X) has enough injectives whenever X is at least no-

etherian. In particular, it permits us to use the spectral sequences defined in Proposition 2.21.
Thus for any F*,G* € Qcoh(X) we have:

B = Ext?(F*, HY(G")) = Ext?*I(F*,G*), @)

ED? = Ext?(HI(F*),G*) = ExtPTI(F*,G*). (3)
Proposition 6.2. Let X be a noetherian scheme. Then the natural functor
D’(X) — D’(Qcoh(X))

defines an equivalence between the derived category D°(X) of X and the full triangulated subcat-

eqgory Dgoh(Qcoh(X)) of bounded complexes of quasi-coherent sheaves with coherent cohomology.

Proof. Let G* be a bounded complex of quasi-coherent sheaves

with coherent cohomology H! i = n,...,m. Suppose that G’ is coherent for i > j. The
construction of a new complex quasi-isomorphic to G®* with G? coherent relies on the following
lemma:

Lemma 6.3. If G — F is a surjective morphism of Ox-modules from a quasi-coherent sheaf
G onto a coherent sheaf F on a noetherian scheme X, then there exists a coherent subsheaf
G' C G such that the composition G' C G — F is still surjective.
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This lemma is clear locally: for any surjection M — N of modules with N finitely generated,
there exists a finitely generated submodule M’ C M such that the restriction M’ — N is still
surjective. The step to the global case is not trivial but can be found in the literature ([8], II,

5.15).
Now, apply this lemma to the surjections

& : G/ —TIm(d’) and ker(d’) —sH’

which yield subsheaves G/ C G7 and gﬂ C ker(d’). Now define Gi C @i the coherent subsheaf

generated by Q] and Qg, and define G7— Gi—1 as the pre-image of QJ under the morphism G/~! — G7.
We get the injective morphism of complexes:

Gi—2 Gi—1 ! Gi Gi+l

R T

Gi—2 Gi-1 Gi Gi+l

Notice that i; induces an isomorphism in cohomology by construction of gé, and the (j + 1)
cohomology group of the first row is still #/*! by construction of QJ Finally, G- 51 s constructed

so that d’~1 is well defined. Thus this morphism of complexes is a quasi-isomorphism and gﬂ
is coherent. O

Remark 6.4. If X is a projective variety over a field k, for any coherent sheaf F the groups
H™(X,F) are finite-dimensional (Serre theorem, [14], III, §3, 66 or [8], III, 5.2).

This result can be used to show (by induction) that for any two coherent sheaves F,G the
groups Ext"(F, G) are also finite-dimensional for all n € Z. Indeed, the case n = 0 comes from
the identity Hom(F,G) = H*(X, Hom(F,G)). The case F = @ L; with L, locally free sheaves
of finite rank comes from the equality

Ext"(@D£;.6) ~ EPExt"(L;,0),
~ @Ext"(@x, LY ® G) by Corollary 5.17,
~ GBH”(X7 LY ® G) by Proposition 5.15.
Finally, one conclude using that any coherent sheaf can be placed in an exact sequence
0>K->@PL,—»F—0
with £; locally free ([8], II, 5.18). Applying Hom( ,G) we obtain a long exact sequence
. — Ext"(K,G) — Ext""(F,G) —» Ext"" (5 £;,G) - -

(see Remark 2.5). Now since the first term is finite-dimensional by induction and the last term
is finite-dimensional by the previous case, the middle one is also finite-dimensional.

Eventually, using both spectral sequences (2) and (3), we obtain that Ext"(F*®, G*) is finite-
dimensional.

Definition 6.5. The support of a complex F* € D’(X) is the union of the supports of all its
cohomology sheaves, i.e. it is the closed subset (as finite union of closed subsets):

Supp(F*) = |_J Supp(H"(F*)).

Lemma 6.6. Suppose that F* € D*(X) and Supp(F*) = Z, ][ Z,, where Zy,Zy C X are
disjoint closed subsets. Then F* =~ F} @& F3 with Supp(F;) C Z; for j =1,2.
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Proof. We proceed by induction on the length of the complex. For a complex of length 1, the
result is quite clear. Indeed, up to a shift we can assume that F* = F € Coh(X). Then
F >~ Fi1 @ Fa, where F; = i,4;F for the closed immersion i; : Z; — X, j = 1,2. Then the
morphism of sheaves

U F — .Fl@./—'.g
FU)>s +— (slunx\z), Slunx\z) € Fi(U) @ Fa(U)

is clearly bijective on stalks.

Now let F* be a sheaf of length at least 2. Assume m is minimal with H := H™(F*) # 0.
Using the previous step, we have a decomposition H = H; & Ho with Supp(H,;) C Z;. Now
define F* as the complex

v FL S s Imd™ 5 0

which is quasi-isomorphic to H up to a shift. Hence the roof H|[—m| + F* — F induces a
natural arrow (in D°(X)) H[—m] — F* which can be completed into a distinguished triangle

H[—m] = F* — G* — H[l —m].

The long exact sequence in cohomology (see Proposition 1.46) shows that H(G*) = HI(F*)
for ¢ > m and H?(G*) = 0 for ¢ < m. Thus, the induction hypothesis applies to G* and we
may write G* = G} © G5 with Supp(H?(G5)) € Z; for all ¢. Now, consider the spectral sequence

E3? = Hom(H4(G}), Hp]) = Hom(G}, Halp + q]).

In order to prove that Hom(G3, Ha[l — m]) = 0, one uses the following lemma:

Lemma 6.7. If F,G are two Ox-modules on a ringed space (X, Ox) with disjoint supports,
then for all n € Z we have Ext"(F,G) = 0.

This lemma is quite clear: Hom(F,G) is 0 since it is 0 on every stalks. For n > 1, we
have Ext"(F, G) = Hompe x)(F, G[n]) (see Proposition 2.9). But the latter is 0 since any roof
F < K* — G is trivial. Indeed, the arrow K* — F is a quasi-isomorphism, so in particular
Supp(K*®) = Supp(F) and thus the morphism K* — G is 0.

Similarly, using again the lemma one finds that Hom(G3, #H;[1 — m]) = 0. To finish the
proof, choose F;, j = 1,2, to complete the arrows G5 — H;[1 — m] to distinguished triangles

F; = G = Hi[l —m] — F[1.
We obtain the diagram

eF—=0 00 —=H [ —m]eH3[1 —m|] — F[1] & F3[1]

b L~ l~ ]
v A

F g H[1 — m)] .711’

where h : FT & F5; — F is given by the axiom TR-3, and which is moreover an isomorphism
by Lemma 1.14. Using the long exact sequence in cohomology one checks that H™(F7) ~ H,;
and H(F}) =~ H(G$); in particular we have Supp(F;) C Z; as required. O

Theorem 6.8 (Serre duality). Let X be a smooth projective variety over a field k. Then
Sx : D’(X) — D*(X)

which sends F* to F*®@uwx|n| is a Serre functor (see Definition 1.4), i.e. for any two complezes
£*, F* € D’(X) there exists a functorial isomorphism

n: Ext'(E%, F*) —=Ext" " (F* £ @ wx)*
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Proof. The derived version of Serre duality is based on the usual one (Theorem 5.23).

Recall that we have Ext’(£®, F*) = H'(RHom®*(£*, F*)) (see Proposition 2.12). Up to
replace £° by a complex of locally free sheaves and F*® by a complex of injective sheaves, we
have RHom(&*, F*) = Hom(&®, F*). Moreover,

Hom'(E*, F*) = @Hom(ﬁk,kari),
D Ex(Ox, () © 7+,
Ext™(F* &8 @ wx)*,

Hom(F* &% @ wx[n])*,
~ Hom" "(F* £* @ wx)",

12

12

12

and thus the desired isomorphism is obtained by replacing £* ® wx by a complex of injective
objects and taking cohomology. O]

Corollary 6.9. Let F and G be coherent sheaves on a smooth projective variety X of dimension
n. Then
Ext"(F,G) =0 fori>n.

Proof. Simply notice that Ext?(F,G) = 0 for p < 0 and for all Ox-modules F and G. n

Corollary 6.10. Let X be a smooth projective variety. Then for any two complexes F*,G® one
has RHom®(F*,G*) € D’(Ab).

Proof. Simply apply Corollary 6.9 and the spectral sequences (2) and (3). O

Proposition 6.11. Let X be a smooth projective variety. Then the objects of the form k(z)
with x € X a closed point span the derived category D*(X) (see Definition 1.19).

Proof. Using Serre duality, we only need to prove that for any non-trivial 7* € D’(X) there
exist a closed point x € X and an integer ¢ € Z such that

Hom(F*, k(z)[i]) # 0.
Consider the spectral sequence (2)
Ey" = Hom(H™1, k(x)[p]) = Hom(F*, k(x)[p + q])

where H? := HI(F*). Let m be maximal such that H™ # 0. Then all differentials with
source E>~™ are trivial, and since negative Ext groups between coherent sheaves are trivial all
differentials with target E%~™ are also trivial. Thus Ey~ " = E%™.

Now let = € Supp(H™). Then

E%™ = Hom(H™, k(x)) # 0,

hence Hom(F*, k(z)[—m]) # 0. O

6.2 Derived functors

In this section we will briefly recall results on derived functors that will be used in the next
part. For more precise studies, see ([9], 3.3).

Let X be a smooth projective variety over a field k. Note that Coh(X) has not enough
injectives neither projectives in general. However, we still have the following result.
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Proposition 6.12. The functors
I' : Coh(X) — Vect(k),

Hom(F, ):Coh(X) — Vect(k),
Hom(F, ):Coh(X)— Coh(X),
F ® — : Coh(X) — Coh(X),
admit derived functors between the bounded derived categories, where Vect (k) is the category
of k-vector spaces of finite dimension and F is a coherent sheaf on X.

We will not give a proof, but just say few words about it.

e To construct RI' : D’(X) — D(Vect;(k)), we use that dim; H(X,F) < oo and
HY(X,F) =0 for i > dim(X) (see [8], III, 2.7). Then, we construct the derived functor
using the compositions D’(X) — D’(Qcoh(X)) — D°’(Vect(k)) with Proposition 6.2.

e Global Hom functor Hom®( , ) has already been treated in Proposition 2.12. Notice that
boundedness is ensured by Serre duality (see Corollary 6.10).

e The derived functor RHom(F, ) is defined using the fully faithful functor D°(X) —
D’(Qcoh(X)) (one check that if F, G are coherent, so is Hom(F,G)). We can generalize
the constructions as follows.

The exact functor Hom®(F*, ) :K’(Coh(X)) — K’(Coh(X)) is defined by
Hom!(F*,G*) = [ [ Hom(F?,G""), d=dg — (—1)'dr.
We proceed as before: we check that Hom(F*,G*®) is acyclic whenever F* or G* is acyclic,

then we use that Qcoh(X) has enough injectives.

In fact, we also have a bifunctor
RHom( , ):D*(X)? x D’(X) — D*(X)

To see it, it suffices to show that RHom(F?®, ) = Hom(F®*, ) if F* is a complex of locally
free sheaves (i.e. complexes of locally free sheaves form an adapted subcategory for this
functor, see Proposition 2.6). Since X is regular, any complex F* € D’(X) is isomorphic
to a complex G* of locally free sheaves. This last claim follows from the fact that on a
smooth scheme any coherent sheaf F admits a locally free resolution of finite length (see

8], IIL, ex.6.9).

e The functor F ® — is a right exact functor. One checks that the class of locally free
sheaves in Coh(X) is adapted to this functor (see Corollary 2.7), and thus we obtain a

derived functor
F el —:D\(X) = D'(X),

where boundedness is ensured by smoothness of X.

We have a more general situation. Let F* € D’(X) be a bounded complex. We define
the exact functor F* ® — : K*(X) — K®(X) as

(F g =P FPeg), d=drol+(-1)10dg.

ptq=i

Then it suffices to check that the subcategory of complexes of locally free sheaves is
adapted to this functor and we obtain the derived functor

Fe el - D(X) = D(X).
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In fact, we also have a bifunctor
—®F - DX) x D"(X) — D*(X),

because F* ® G* is acyclic whenever F* is acyclic and G*® is a complex of locally free
sheaves (in other words, the functor — ® — needs not to be derived in the first factor).
Notice that have the isomorphisms

.F. ®L go ~ go ®L ]:-o’
‘c/-o ®L (J,—_-o ®L go) ~ (go ®L f.) ®L go‘

7 Main results

In this section we will present some results, mostly due to Bondal and Orlov ([1]). All derived
functors will be written with their non-derived notation (e.g ® will stand for ®%) as we will
always work in the bounded derived categories of coherent sheaves on a smooth projective
variety.

Proposition 7.1. Let X and Y be smooth projective varieties over a field k. If there exists an
exact equivalence
D*(X) —~D"(Y)
of their derived categories, then
dim(X) = dim(Y).
Moreover, their canonical bundles wx and wy are of the same order.

Recall that the order of an invertible sheaf L, if it exists, is the smallest positive integer
m € Z such that £™ is trivial. If there is no such integer, we say that L is of infinite order.

Proof. Since both varieties are smooth projective, their derived categories D?(X) and D°(Y)
come with natural Serre functors Sx and Sy (see 6.8). By Proposition 1.5, the equivalence F’
commutes with Sx and Sy.

Fix a closed point € X. Then k(x) ~ k(x) ® wx ~ Sx(k(z))[— dim X] and hence

F(k(z)) = F(Sx(k(z))[-dimX]),
~ F(Sx(k(z)))[—dim X]|, since F is exact,
~ Sy (F(k(x)))]—dim X],
~ F(k(z)) @wy[dimY — dim X].

Since F' is an equivalence, F'(k(x)) is non-trivial. Let m be maximal (resp. minimal) with
H™(F(k(z))) # 0. Notice that H*¥(F* @ £) ~ HF(F*) ® L for any complex F*, integer k and
line bundle £. This comes from the fact that line bundles become trivial on stalks. Hence we
obtain:

0 # HF(E))
o~ MY =dimX (PR () @ wy,

and hence 0 # HmHdmY-dimX which contradicts the maximality (resp. minimality) of m if
dimY # dim X. Hence, we have n := dim X = dimY.
To finish, assume w% ~ Ox. Then S%[—kn| ~ Id and hence

F~'oSt[—kn|o F ~ S%[—kn] ~1d.

Therefore, S&[—kn] ~ Id and thus w¥ ~ Oy. Since we can perform the previous isomorphisms
switching the roles of X and Y, we obtain that w% is trivial if and only if w} is trivial. O
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In order to prove Theorem 7.9, we need to characterize the geometry of our variety intrins-
ically as objects in the derived category.

Definition 7.2. Let D be a k-linear triangulated category with a Serre functor S. An object
P € D is called point like of codimension d if

1. S(P) ~ Pld],
2. Hom(P, P[n]) =0 for all n < 0,
3. k(P) := Hom(P, P), endowed with the composition, is a field.

An object P verifying 3 is called simple. Notice that P is simple if and only if every
non-trivial endomorphism P — P is invertible.

Remark 7.3. For any closed point x € X, where X is a smooth projective variety, the sky-
scraper sheaf k(x) and all its shifts k(x)[m|, m € Z, are point like objects of codimension
n. Indeed, conditions 1 and 3 are obvious, and condition 2 also holds since Hom(F, F[p]) =
Ext?(F,F) = 0 for any coherent sheaf F and any p < 0.

Lemma 7.4. Let X be a smooth projective variety and let F* be a simple object in D*(X) with
zero-dimensional support. If Hom(F®, F*[n]) = 0 for n <0, then

F* =~ k(x)[m)]
for some closed point x € X and some integer m.

Proof. First, we prove that Supp(F*) is concentrated in one point. If not, we would have a
non-trivial decomposition F* ~ F? & F; (see Lemma 6.6). But the projection onto one of the
two summands is not invertible.

Thus, we may assume that all cohomology sheaves H" of F* have support concentrated in
a closed point x € X. Set

mo :=max{n | H" # 0} and m; := min{n | H" # 0}.

Recall the following fact of commutative algebra: if M is a finite A-module with (A, m) a
Noetherian local ring, and Supp(M) = {m}, then there exists a surjection M — A/m and an
injection A/m — M.

Indeed, since A is Noetherian and M is finite there exists a prime filtration 0 C My C --- C
M, C M such that M;,,/M; ~ A/p; for some prime p; € Supp(M) (see [11], Chapter 3). Thus
we have p; = m for all 4. In particular, we have the projection M — M /M, ~ A/m. On the
other hand, since M # 0, there is a p € Supp M such that p = Ann({m}) for some m € M.
Thus, m is the kernel of the map

f: A — M
a — am’
and thus there is an injective morphism f: A/m — M.
Now, consider an affine neighborhood U = Spec A of x. We have k(z) ~ A/m,. The
coherent sheaves H™° and H™ are given on U by A-modules M, and M;, and since {z} =

Supp(H™) = Supp(H™ ) we have
H o (Mo, # 0 and HI = (M), £0,

and Supp(My) = Supp(M;) = {m}. Then by the fact stated above there exist (My)m, — A/m,
and A/m, — (Mj)n,. Using Corollary 4.7, the composition yields a non-trivial morphism
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HIo — H™ which extends to a non-trivial morphism H™ — H™ since both sheaves are
supported in z.
Now, in the same vein as in the proof of Lemma 6.6, consider the complexes

Frooooo = Fml sker(d™) — 0 — -

2

with ¢ = 0, 1. Then the roofs F* < F§ — H™°[my] and H"™'[m,] - F; — F* give morphisms
in D’(X) which induce isomorphisms in m* and m* cohomology respectively. Thus we get a
non-trivial composition

f.[mo] — H™ — H™ — f'[ml].

Hence, m := my = my and F* = F[m] is a shifted coherent sheaf supported in z.

To conclude, recall that we have a non-trivial morphism F = H™ — H™ given locally by
M — A/m — M. Since F is simple, this morphism is invertible, in particular p and i are
isomorphisms, and thus M ~ A/m, i.e. H™ ~ k(z). O

Proposition 7.5 (Bondal, Orlov). Let X be a smooth projective variety. Suppose that wx or
wi is ample. Then the point like objects in DP(X) are the objects which are isomorphic to
k(x)[m] for some x € X closed point and m € Z.

Proof. 1t’s clear that any object k(x)[m] is point like (see Remark 7.3). Now assume that
P € D’(X) satisfies conditions 1 — 3 of Definition 7.2. Denote by H’ the cohomology of P.
Then condition 1 ensures that H' ® wx[n] ~ H'[d], hence d = n and H' ~ H' @ wx.

Now, recall that the Hilbert polynomial associated to a coherent sheaf F is defined as

Pr(t) = x(F @ wk),

where xz := Y dimy H'(X, F) is the Euler-Poincaré characteristic (note that once again we
i
use that all cohomology groups are finite dimensional). Now, we use that the degree of Pr is

exactly the dimension of Supp(F) (see [14], II, 6, 81). Then, if dim(Supp(F)) > 0, we have
that there exist non-zero integers p, ¢ such that F @ w% # F @ w%. Hence F # F @ wx.

We conculde that Supp(H?) is zero-dimensional for all 4, and the assertion follows from
Lemma 7.4 applied to P. O

Definition 7.6. Let D be a triangulated category with a Serre functor S. An object L € D is
called invertible if for any point like object P € D there exists np € Z such that

k(P) ifi=
Hom(z, Pi)) = M) 2 i =

0 otherwise.
Proposition 7.7 (Bondal, Orlov). Let X be a smooth projective variety. Any invertible object
in DY(X) is of the form Lim] with L a line bundle on X and m € Z. Conversely, if wx or w
is ample, then for any line bundle L and any m € 7Z the object Lm] € D’(X) is invertible.

Proof. Let L be an invertible object in D’(X) and let m be maximal with H™ := H™(L) 2 0.
Then there exists a morphism
L — H™[—m]

(see proof of Lemma 7.4). Fix a point o € H™. There exists a non-trivial morphism H™ —
k(xo). Notice that
Hom(H™, k(xo)) ~ Hom(L, k(zo)[—m]).

Indeed, any morphism ¢ : H™ — k(x() can be composed with L — H™[—m] (up to shift ¢ by
[—m]), and conversely any morphism L — k(zo)[—m] is only determined by its restriction to
‘H™. Thus we obtain

0 2 Hom(L, k(zo)[—m])
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and therefore ny,) = —m.
Now consider the spectral sequence

E3" = Hom(H (L), k(xo)[p]) = Hom(L, k(zo)[p + q]). (4)
We deduce that
Ey ™™ = Hom(H™, k(x0)[1]) = Hom(L, k(20)[1 + n(ay)]) = 0.

Thus Ext'(H™, k(z0)) = 0 for any point 2o € Supp(H™). Now we want to apply the following
lemma of commutative algebra.

Lemma 7.8. Any finite module M over a noetherian local ring (A, m) with Ext'(M, A/m) =0

18 free.

Proof. Set k = A/m. Any k-base of M/mM lifts to a minimal set of A-generators of M by
Nakayama lemma. We obtain the exact sequence of A-modules

0 N 2. An M 0

and N is finitely generated since A is noetherian. Then ¢ induces the trivial morphism ¢ :
N/mN — k™. The vanishing of Ext'(M, k) (seen as the derived functor of Hom4( ,k)) leads
to a surjective morphism

Homy (A", k) — Hom(N, k).

Now, notice that Hom (A", k) ~ Homy(k™, k) and Homu (N, k) ~ Homy(N/mN, k), and thus
the morphism
HOHlkU{?n, ]{3) — Homk(N/mN, ]{3)

given by ¢ is surjective. But since ¢ = 0, this is only possible if N/mN = 0, thus N = 0 by
Nakayama lemma. Then M is free. O

Now we use the spectral sequence
EY = HP (X, Ext(H™, k(xg))) = ExtPT{(H™, k(z0)).

Note that this spectral sequence exists since RI' o RHom(F*®, )= RHom(F®*, ), but one has
to check that the image of a complex of injectives under Hom(F*, ) is I-acyclic. Since k()
is concentrated in one point, so is ExtY(H™, k(xg)), and hence it is flasque. Thus we obtain

EY = H*(X, Ext* (H™, k(z0))) = 0

(see Remark 5.13). Moreover, E; > = 0 since there is no negative cohomology, and hence Ey"' =
E%!. But we know that E' = 0, thus E%! = 0. Now, Ext'(H™, k(xg)) is also concentrated
in {zo} since an injective resolution of k(zy) can be chosen to be concentrated in {z}. In
particular, it means that Ext'(H™, xy) is generated by global sections, and thus

H(X, Ext' (H™, k(x0))) = 0

implies that Ext!' (H™, k(zo)) = 0. Finally, since H™ is coherent we can use (|8], III, Proposition
6.8) and we get

Ext}gx’xo (R k(x0)) = Ext' (H™, k(0))s, = 0.
Thus, we can apply Lemma 7.8 to conclude that H! is free.

Note that freeness is an open property: pick zy € Supp(H™) and consider an affine neigh-
borhood U = Spec A C Supp(H™). On U, the coherent sheaf H™|y correspond to a finitely
generated A-module M. Since A is noetherian, M is also finitely presented. Thus we have an
exact sequence

0> N—= A% » M — 0.
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It induces an exact sequence of localized modules
0— N, = A — M, — 0.

Choose a minimal set of generators ay,...,a; of N. Since H!" is free, the a;’s restrict to 0 in
N,. Hence there exist open neighborhood U; of a;, i = 1,...,1, such that a; = 0. Since z € U,
for all 4, NU; # () and we have that N|~y, = 0. Thus H™ is free on NU;.

We have proved that Supp(H™) contains an open (dense) subset of X, but since H™ is
coherent, its support is closed (Corollary 4.18). Since X is irreducible, we obtain Supp(H™) =
X and H™ is locally free. Thereby, there exists for any = € X a surjection H™ — k(z). Hence,

Hom(L, k(z)[—m]) = Hom(H™, k(z)) # 0.
In particular, ny,) does not depend on z. We have
k(iL‘) = HOHI(L, k(m)[—m]),
= Hom(H™, k(x)),
= Hom(@i’?{’mo, k(x)),
~ k(x)®P.

Hence we conclude that p =1 and H™ is a line bundle.
Now we show that H’ = 0 for ¢ < m. Consider again the spectral sequence (4). We have

BT = Ext?!(H™, k(z)) ~ HY(X, (H™)" @ k(z)) = 0 (5)

for ¢ > 0 because (H™)Y ® k(x) is supported in {x} (skyscraper sheaf) and thus is flasque.

By induction, assume we have shown H® = 0 for iy < i < m. Then E§’*i°*1 = 0 because
either 79 < i9 + 1 < m and the inductive hypothesis apply or ig + 1 = m and the equality
holds by (5). Moreover E, > "' = 0 because there is no negative Ext between sheaves. Thus
By~ = E%~_ Since iy # m we have

E~" = Hom(L, k(x)[—io]) = 0,

thus Hom(H™, k(z)) = 0 for all z € X, i.e. H" = 0. As explained above, the induction starts
with ig = m — 1.

Conversely, assume that the (anti)-canonical bundle is ample. We know by Proposition 7.5
that any point like object P in D’(X) is of the form k(z)[l] for some closed point 2 € X and
some [ € Z. Hence

Hom(L[m], Pli]) Hom(L, k(z)[l + i — m]),
Ext™ ™ (L, k(z)),
Ext™*="(Ox, LY ® k(z))

HT=™(X, LY @ k(z)) =0

12

12

12

except for i = m — [ because LY ® k(z) is flasque. We set np :=m — [.

]

Theorem 7.9 (Bondal, Orlov). Let X and Y be smooth projective varieties and assume that
wx or w is ample. If there exists an evact equivalence D*(X) ~ DY(Y), then X and Y are
isomorphic. In particular, the (anti)-canonical bundle of Y is also ample.

Proof. We will proceed in several steps. Notice that since the notions of point like objects and
invertible objects in D?(X) are intrinsic, the equivalence F : D’(X) — D®(Y) induces bijections:

{point like objects in D?(X)} <<= {point like objects in D*(Y)},

{invertible objects in D’(X)} LA {invertible objects in D(Y)}.
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Step 1 :

Step 2 :

Step 3 :

Step /4 :

F(O)() - Oy.

By Proposition 7.7, we know that Oy is an invertible object in D’(X). Then F(Ox) must
be an invertible object in D’(Y'), and then Proposition 7.7 implies that F(Ox) = M[m]
for some line bundle M on Y and some integer m € Z. Hence, composing I’ with the

two equivalences M* ® () and ( )[—m| we obtain a new equivalence, which we continue
to call F', that satisfies F(Ox) = Oy.

F(w%) =wk forall k € Z.

Denote by Sx (resp. Sy) the Serre functor on X (resp. Y') given by Theorem 6.8. We
know that n = dim X = dimY by Proposition 7.1, and that F' commutes with the Serre
functors by Lemma 1.5. Hence for any k£ € Z we have:

Fwk) = F(Sx(Ox))[—kn,
~ Sy (F(Ox))[~kn],
Sy (Oy)[~kn],

k
Wy .

12

D HO(X,wk) = @ HO(Y,wy).
Using that F' is fully faithful and the previous steps, we get

HO(Xaw];{) = (OX7WX)
Hom( (Ox), F(wk)),
(

~ Hom(Oy,w?}),
~ HY,w}).

12

Now, the product in @ H°(X,wk%) can be expressed as follows. Take s; € H(X, w?g’),
i = 1,2. Since Sy is an equivalence, we have

Hom(Ox,wh) =~ Hom(S%(Ox), Sk (w52)),
~ Hom(wi [kin], w2 [kin)),

~ Hom(wi,whtth),

Thus, the product s; - sy is given by S o s7, where s5 : wﬁ( — w?*’” is given by the

isomorphism above. It is easy to see that F'(s;-s9) = F(s1)- F(s2) since F' commute with
shifts and Serre functors. Thus we conclude that the ring isomorphism

D H (X k) = P H (Y. o)
is a graded ring isomorphism.

The (anti)-canonical bundle of Y is ample.

This is the longest step. In order to prove it, we shall first prove that point like objects in
D’(Y') are of the form k(y)[m]. For any closed point y € Y, denote by x, € X the closed
point verifying F(k(x,)[m,]) =~ k(y), m, € Z, induced by ¢. Suppose that P € D’(Y)
is a point like object which is not of the form k(y)[m] and denote by zp € X the closed
point with F(k(xp)[mp|) =~ P. Note that zp # x, for all y € Y, hence we have for all
yeY andallmeZ

Hom(P, k(y)lm]) =~ Hom(F(k(zp))lme], F(k(xy))[my, +m]),
~ Hom(k(zp), k(xy)[my, +m —mp]) = 0.
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Indeed, Supp(k(zp)) N Supp(k(x,)) = 0 so there is no Ext between them. But objects
of the form k(y) form a spanning class in D°(Y") (Proposition 6.11) thus P ~ 0 which is
absurd (indeed, a point like object cannot be trivial since its endomorphisms form a field,
so in particular 0 # Id). Thus point like objects in D?(Y) are exactly the objects of the
form k(y)[m).

Note that for any closed point x € X there exists a closed point y € Y such that
F(k(z)) ~ k(y) (no shifts). Indeed, 0 # Hom(Ox, k(z)) ~ Hom(F(Ox), F(k(z))) since
F is fully faithful, but Hom(Oy, k(y)[m]) ~ H™(Y, k(y)) and the latter is non-zero if and
only if m = 0 because k(y) is flasque.

Finally, it remains to prove that w¥ is very ample if w% is so. To do so we will use
Proposition 5.6 (here we use that k is algebraically closed, but this hypothesis can be
omited, see [1]).

The line bundle w} separates points if for any two points y; # yo of Y the restriction map
r H(Y, wy) = HO(Y, k(y1) @ k(y2))

is surjective (Remark 5.8). Denote by z;, i = 1,2, the closed point z,,, where we use
the notation of the previous paragraph. The restriction map w¥ — k(y;) @ k(y2) is sent
through the isomorphisms

Hom(wi, k(y1) @ k(y2)) ~ Hom(F(wk), F(k(y1) ® k(y2)))
Yo k(1) ® k(x2))

~ Hom(wy,
to the restriction map w% — k(z1) ® k(z2) since there is only one non-trivial morphism
wk — k(x;) up to scaling. We obtain the commutative diagram

HO(Y, wy) HOY, k(y1) @ k(y2)),

~ ~

Hom(Oy, wy ) —— Hom(Oy, k(1) & k(y2)),

~ ~

Hom(Ox,wk ) ——=Hom(Ox, k(z1) ® k(z2)),

~ ~

HO (X, wh) HO(X, k(xy) ® k(x2)).

Since the map H°(X,w%) — HO(X, k(x,) ® k(z2)) is onto (because wk separates points),
so is the map HO(Y,wX) — HO(Y, k(y1) @ k(y2)).

Now, we need to show that wt separates tangent directions. We will use again Remark
5.8. Assume that Z, C Y is a subscheme of length two concentrated in y € Y, that is y
endowed with a tangent direction (see Proposition 4.26). We have an exact sequence

0—k(y) = Oz, = k(y) =0

given by k(y) > A = XA-m € Oy, for a k-generator m of my, and Oy > a — [a] €
Oz, / myz, ~ k. Such a (non-trivial) extension is given by an element

ez € Hom(k(y), k(y)[1]) = Hom(F(k(z)), F(k(x))[1]) = Hom(k(z), k(x)[1])
(see Remark 2.10).

The latter, when viewed as a class in Hom(k(x), k(z)[1]), defines an extension of Ox .-
modules
0— k(z) > M — k(z) — 0.
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Step 5 :

It’s in particular an extension of k-vector spaces, and thus we can endow M with a
structure of k-algebra pulling back the structure of k-algebra of k[T]/T? through the
k-linear isomorphism

M —~~ k[T)/T?

given by choising a k-basis of M compatible with the extension. Thus Oz, := M define

a subscheme Z, C X of length two concentrated in z and F(Ogz,) = Oz, Since wk

separates tangent directions, the restriction
HY(X,wk) = H(X,02,)
is surjective. Now using H°(X,w%) = H(Y,w¥) and

H(Y,0z,) ~ Hom(Oy,0z,),
~ Hom(Oy, Oy,),
~ HYX,0y)

we deduce the surjectivity of H°(Y,w}) — H°(Y,0y,), i.e. w§ separates the tangent
direction in y given by Z,.

End of the proof.

We proved step 3 that @ HO(X,w%) ~ @ H°(Y,w?). Using that both (anti)-canonical
bundle of X and Y are ample, we conclude using Theorem 5.19:

X ~ Proj @HO(X, wh) ~ Proj @HO(Y, wh) ~ Y.
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